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1. Give definitions of a topology and of a topological space.

(i) Prove that the intersection of any number of topologies on X is again a topology on X.

(ii) Let A be any collection of subsets of X. Show that there is the smallest topology on X
containing all sets from A, that is, there is a topology T on X such that T ⊃ A and if S
is another topology on X such that S ⊃ A, then T ⊂ S.

(iii) Define the product topology. Show that the product topology on the product X × Y
of topological spaces (X,T ) and (Y, S) is the smallest topology for which projections

pX : X × Y → X, pY : X × Y → Y are continuous (projections are defined by

pX(x, y) = x, pY (x, y) = y).

2. Let X be a topological space. Define what it means for X to be compact. Define what it means

for a property to be a topological property.

(i) Prove that “compactness” is a topological property. If you are using any statements from

the course here, prove them as well.

(ii) Prove that a compact subset of a metric space is bounded.

(iii) Let X and Y be compact topological spaces. Assume that Y is Hausdorff and let

f : X → Y be continuous and bijective. Prove that f must be a homeomorphism.

3. Let B[a, b] be the space of all bounded functions on [a, b] and let C[a, b] be the space of all

continuous functions on [a, b].

(i) Prove that B[a, b] with sup-metric is complete.

(ii) Let LK be the space of all functions from C[a, b] such that |f(x)− f(y)| ≤ K|x− y| for
all x, y ∈ [a, b]. Prove that LK is closed in C[a, b].

(iii) Let L =
⋃
K LK be the space of all functions from C[a, b] which belong to LK for some K.

Prove that L is not closed and its closure in C[a, b] is C[a, b] (you may use other properties

of the space C[a, b] in this part without proof).
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4. Give the definition of open sets and of closed sets in a metric space.

(i) Prove that every open subset of R is a union of pairwise disjoint open intervals.

(ii) Show that the union in (i) is finite or countable.

(iii) Show that the standard (Euclidean) topology of R2 and its product topology are the same.

5. Let (X, d) be a metric space. We will say that a sequence {Bn}∞n=1 of balls is a decreasing
shrinking sequence of closed balls if

(1) all Bn are closed;

(2) Bn+1 ⊂ Bn for all n ∈ N;
(3) the sequence of radii of Bn converges to zero.

(i) Prove that if (X, d) is complete, then the intersection of every sequence of decreasing

shrinking closed balls is nonempty.

(ii) Prove that if the intersection of every sequence of decreasing shrinking closed balls is

nonempty, then (X, d) is complete.
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