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1. A three level difference scheme for approximating
U = Ugpy t >0,
— o0 <z < 00,
u(z,0) = u’(z),
on the uniform grid (jAz,nAt) is

Ut -0y (aap? (U - 207+ U

Up = 20 + U,

oAt 12 (At)? -
where U is the generated approximation to u(jAx, nAt).
(i) Show that the truncation error of this scheme is
O((Az)%) if At = (Az)2/(60)2,

O( (At)? + (Ax)?) otherwise.

(Az)?

Y

(i)  Use Fourier analysis to find a necessary condition on At for the scheme to be stable

and have no growth.

You may use the result that the roots z; of the quadratic 2> +pz+q =0, withp, q € R,

satisfy |z;| < 1,i=1,2, ifand only if |g| <1 and |p| <1+ gq.
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2. A numerical solution to the two dimensional heat equation
Up = Ugy + Uyy O<z,y<1l, t>0,
with boundary conditions
u(z,0,t) = u(z,1,t) = u(0,y,t) = u(l,y,t) =0 for 0<z,y<1, t>0,
and initial condition
u(z,y,0) = u’(z,y) for 0<uz,y<I;

is to be computed on the uniform mesh (jh, kh,nAt) with Jh = 1.

Consider the interior difference schemes
(a) U;fk“ =1 +7rd+roy)Ur,

5L k=1—=J—-1, n>0;
(b) U= (1+762) (1+r&) U,

Js

where U7, is the generated approximation to u(jh, kh,nAt), r = At/h?,

2 n n n n 21— n n n
0 Uy =Uj1p =2Uj + Uy, and 6, U = Uy = 2Uf + Uy -

(i) For each scheme find an upper bound on 7 such that for all n > 0

< "
oA U | < oax U7l

and hence state a sufficient condition for the scheme to be stable. Compare these
stability conditions with those obtained using Fourier analysis.

(i)  Write down the corresponding difference schemes for the three dimensional heat
equation and obtain stability conditions using Fourier analysis.
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A numerical solution to the coupled system

v = —w
¢ e O<z<1l, >0,
wy = (%

with boundary conditions
v(0,t) = v(1,t) = w(0,t) = w(l,t) =0 t >0,
and initial conditions
v(x,0) = v°(x), w(z,0) = w’(x) for 0<x<1;

is to be computed on the uniform mesh (jAz, nAt) with JAz = 1.

Consider the 8-method

VI V= —r [0 W 4 (1 0) 82 WP,
j=1—=J-1, n>0;
W]n+1_w/jn:r[(1_9)62vjn+1+952vjn]

where V" and W} are the generated approximations to v(jAr,nAt) and w(jAz,nAt),

0 €10,1], r = At/(Ax)?, and §? V=V =2V VR

(i) For what values of  can the scheme be considered explicit?

(i)  Show that the amplification matrix, G(At, Ax; k), for the scheme is

1 1— p26? U
14 u?26(1—0) — i 1—p?(1-6)* )"
where =27 (1 —cos¢) and £ = k Ax.
(iii) Show that the characteristic polynomial of G(At, Ax; k) is

2?62+ (1 6)?
14+ p26(1—-0)

AN —bA+1, where b=

(iv) Find a necessary condition for the scheme to be stable and have no growth.

(v) Show that G(At, Aw; k) is orthogonal if & = 3, and hence in this case show that the
scheme is unconditionally stable with no growth.
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A numerical solution to the two dimensional convection equation

U +auy +bu, =0 t >0,
—oo<x,y <00,

u(z,y,0) = u’(z,y),

where a, b € R, is to be approximated on the uniform grid (jh, kh,nAt).

Consider the following schemes

(a) The Crank-Nicolson scheme:
qQ1 q2 n qQ1 q2 n

where ¢ = a At/h, go = bAt/h,

AU =

J»

n n n 1 n n
( J+LE Uj—l,k:) and AU = 3 ( 1 — Uik E

(b) The ADI scheme:

(1+ LA yumis—(1-LA, —g0,)U7,

2 2
q2 n q1 q2 n q1 n+1,%
Show that the ADI scheme can be rewritten as
q1 q2 n q1 gz n
a+fana+ Loy —a-Laya-2a,)up.

Hence show that both the schemes (a) and (b) are unconditionally stable and have a
truncation error of O( (At)? + h?).

What is the advantage of the ADI scheme over the Crank-Nicolson scheme ?
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5. Show that the upwind scheme on the uniform grid (jAz,nAt) for the one dimensional
convection equation

u+auy; =0 t>0,
—0 << o0,
u(,0) = u’(z),

with ¢ € R, can be written as

S

n+1 S n n

(b - (1) an-i-l )

where U7 is the generated approximation to u(jAz,nAt), b = |a| and s = L& Find a

condition, involving b and s, that is necessary and sufficient for stability.
Let u(z,t) € RP satisfy the system
U + Aﬂx =0 t > 07

—00 <z < 00,
u(z,0) = u(x),

where A € RP*P has p real eigenvalues with p linearly independent eigenvectors. By
diagonalising, generalise the upwind scheme to the system above to obtain

n S n n S n
Qj+1:§(B+A)Qj_1+<I_SB)Qj+§<B_A)U

=j+1»

where U7 is the generated approximation to u(jAz,nAt), I € RP*? is the identity matrix
and B € RP*P is a matrix which you are required to define carefully.

Under what circumstancesis B+ A =07

What is a necessary and sufficient condition for stability of this scheme 7
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