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Let f : R™ — R be the quadratic function

fl)=c—b'z+ ilz"Ge,

where c € R, b € R™ and G € R™*" is symmetric and positive definite. Explain why V f has
exactly one zero * € R™. If a new vector norm is defined by

|lzllc = VaTGx - Vo € R",

show that
lz —z*||g = g(z)" G 'g(x)

where g = V f, and

Explain why x* is the strict global minimum of f.

Ve € R,

Consider the steepest descent algorithm with exact line search for finding x*, i.e.

(1) @1 = & — aig(x;),

and explain carefully what the formula for «; is, and how it is derived. (A graph illustrating
the line search would be helpful here.) Analyze the convergence of this algorithm by using the

above vector norm to establish the following results.

(a) Use () to obtain

@i — @* (|3 — [|@iv1 — &g = 20ug(x:)" G [@; — *] — alg(w;)" Gg(;)

and hence )
* . [g(wz)Tg(wz>]
(b)  Use the result from (a) to show that
T 2
g — a2 =d1— [Q(wz) 9(332)} z, — |2,
i =27l { 9@ Ga(wy) [g(@) G Tg(a] | 1+l
c ssuming the Kantorovich inequality
(c) A he K h I
[me} ] 4>\max)\min n
ETGa] @G 2]~ D+ Al

where A and Ay, are the largest and smallest eigenvalues of G respectively; explain

why
4)\max>\min
0< ———5
P\max + )\min]
Use the result from (b) to deduce
- >\min

A
@i — @[3 < ( e

)\max + )\min
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2.

Let f : R” — R be a smooth uniformly convex function: i.e. 3H,,;, > 0 such that

fly)— f(@) —g(=)" [y — =] > Huully — 2|
l9(y) — g9(@)]"[y — ®] > Huu|ly — x|
zTH(a:)z > HminHzH2

for all x,y, z € R", where g(x) = V f(x) and H(x) = V2 f(x) are respectively the gradient
vector and Hessian matrix of f at x.

(a) (i) Prove that f(x) — oo as ||x|| — oo, and hence deduce that f has a global
minimum, at x* say.

(i) Given that g(x*) = 0, prove that g has no other zero and that x* is the strict
global minimum of f.

(b) For a given starting value &, € R", let
Ti1 = T; + ap;, where p, = —H(x;) 'g(x;),
be a safeguarded Newton iteration: with the steplength a; > 0 chosen to satisfy

f(®:) = f(®iz1) = poug(a;) " H(w;) ' g(z:)

(1) g(fci+1)Tpi > og(wi)TPi

for some fixed 0 < p < ¢ < 1 independent of i. Establish the convergence of the
iteration through the following steps.

(i)  Explain why there exists H,.x > 0 such that
(1) f(=) < f(xo) = [H(=)|| < Hipax-

(i) Use the first inequality in (1) to prove that {c;g(x;)"H(x;)'g(x;)} converges to
zero as 1 — 0.

(iii)  Use the second inequality in (), together with (I) to bound
lg(zi1) — g(z)] p;,
to show that {a;} cannot approach zero; therefore proving that
{g(z:)"H(z:)'g(z;)} = 0 asi— cc.

(iv) Use (1) to show that {g(z;)} — 0 as i — oo and then use the uniform convexity
of f to prove that {x;} — x* as i — 0.

[You may assume without proof that it is always possible to satisfy (7).]

M3N3/M4N3  Optimisation (2006) Page 3 of 6



Consider the norm-constrained quadratic optimisation problem
(1) ming(x) = c — bz + %mTGw subject to ||x|| < A,

where ¢ : R" — R with ¢ € R, b is a non-zero vector in R", G is an n X n symmetric matrix,
and A > 0. You are reminded that x* solves (1) if and only if 3 x* > 0 such that

o G+l =0bwith [z*|| < A,
e the complementarity condition p* [||x*|| — A] = 0 holds,

e G+ p*lis positive semi-definite.
If G has eigenvalues and corresponding orthonormal eigenvectors
)\1 ZAQZ ZAn—l 2)\71, and Ui, U2,y . .., Up—1, Up,

with .
b= Z Bjuja
j=1
explain why ||x(u)||, where
z(p) =[G+ pl] b,

is strictly monotonically decreasing for ;1 > —\,, and why lim,,_,||z(x)|| = 0.

(a) If A, > 0, draw a graph of |x(u)|| for © > 0 and describe how (}) has exactly one
solution in either of the cases

o [z(0)] <A e |=(0)] = A.

(b) If A, <0 with 3, # 0, draw a graph of ||z (u)|| for 4 > —\, and explain carefully why
(1) has exactly one solution.

() IfA,<0and\,_; >\, with 5, =0, draw a graph of ||x(u)|| for u > —\,, and explain
carefully why (1) may have one solution or may have two solutions.
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Define carefully what is meant by both a global and a local minimum for the linear equality
constrained problem
min f(x)
subject to Az = d;

where f : R” — R is a smooth function, A € R™*" and d € R™. Assuming the orthogonal

subspace decomposition
R"=RaN,

where R C R" denotes the range-space of AT and A/ C R" denotes the null-space of A,
prove by contradiction that a necessary condition for * € R" to be a local minimum for (})
is that IA* € R™ such that

Vf(x*) +ATA* = 0.

Hence write down a system of m + n equations that the unknowns x* and A* must satisfy,
in order for * to be a local minimum for (1). If, in addition, f is a convex function, prove
that a solution of this system implies that =* is a global minimum for (}). [You may use any
property of convex functions without proof.]

For the particular quadratic problem m = 2, n = 3, f(x) = 22 + 13 + 23,

1 2 -1 4
(1) e an (1),

set up and solve the 5 x 5 system of linear equations for £* and \*.
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5. Consider the nonlinear inequality constrained problem

min f(x)

subject to ¢(x) > 0;
where f: R™ — R and ¢ : R® — R™ are smooth functions.

(a) Define what is meant by a local minimum for ().

(b) State carefully the KKT conditions, which are necessary for £* € R™ to be a local
minimum of (}); using g(*) = V f(x*) € R" to denote the gradient vector of f at x*
and g;(z*) = Vc;(z*) € R™ to denote the gradient vector of the i*" component of ¢ at
T

(c) For the particular problem
2 — 2 — 22

T2

f(x) =z +2, and c(:v)z(

with n =2 and m = 2:
(i) write down the KKT conditions and find all the solutions,
(i) display the feasible set on a graph and use the objective function to determine the

constrained minimum.
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