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1. Using a “keyhole” contour show that

o rPdx m 1
/ S f(a,b) .
o (@+a)(z+0) sin(Pr) b—a
where 0 < a < b and —1 < P < 0. Determine the function f(a,b).

Hence or otherwise show that

> rPdx T b
/o (z+2)(z+1)2  sin(Pr) (1+P—-27).

2. The function u(z,t) satisfies the partial differential equation

0%*u Pu 2 du

- - = 4= 0<x<1
ot? 8x2+x0x’ =%=4
with the initial conditions
0
u(z,0) =0, 8—1;(1:,0) —1, 0<z<l1,

the boundary conditions
u(1,t) =0, t>0,

and the condition that (0, ¢) is finite.
Show that the Laplace transform of u can be expressed in the form
u(z,s) =z '0(x, s),

where o,
v 9~
@—sv:—w, 0<x<1.

Hence determine u(x, s) and show that

2

u(z,t) = 0 Z Ay sin(N7z) sin(N7t) .

2
N=1

Determine Ay .
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3. (i) Evaluate the Fourier transform of

1

fule) = o exp(-lal/a).

Hence show that

2 | ewl-icadc = o), ®)

if 0(z) is considered as the limit as a — 0 of f,(z).

(i)  Use the result (A) and properties of the ¢ function to show that the Fourier transform
of Jo(Az), where

Jo(Azx) = l/ﬂcos(av:cosﬁ) ag,
0

™

and \ is real and positive and given by

/_ " explica) Jo(\r) de = F(CA),

[e.9]

where ( is real and
F(GA) =0,  [¢]>A.

Find (¢, \) when |¢| < A.

Hence show that the Fourier transform of cos(ux)Jo(Ax) is

DO | —

where 1 is real and positive.
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¢ 0P

4. ¢(x,y) satisfies 52 + o =0 in—-oco<z<o00o, 0<y<l1, and
. 0? 0? .
¢o(x) satisfies (93((;@2 + 3522 =0 in—-oco<zx<oo 1<y<2 where

(1) ¢1=0 ony=0 for all z,

96

=e 1l on y = 2 for all x, and
dy

()

0 0
(3) ¢1=0¢- and ul% = ,uz% ony = 1 for all z, where 11 and p are real constants.
Y Y

Show that the Fourier transform

®(¢o) - [ " explica) én (. ) da

can be written as
®1(¢,y) = A sinh(Cy)
and the Fourier transform ®,((,y) of ¢o(x,y) as

®5(¢, y) = Azsinh(¢(1 —y)) + By cosh(¢C(1 - y))

where condition (1) has been satisfied and A;, A, and B; remain to be determined using
conditions (2) and (3).

Hence determine ®,((,y) and show that this function has only poles with zero real parts
in the complex ¢ plane.

In the special case when , /ﬂ < 1, show that ¢;(x,y) has the form
M2

¢1(7,y) = exp(—z) fily) + exp(—v/p/p2 ) f2(y)

as ¢ — +00, and determine f(y) and fa(y).
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5. Use the saddle point approximation or otherwise to get an expansion of the integrals

© 2
L, = / e Trte ™ dr
0

& 2
I, = / erte™® dy
0

-5 (e0()

e . . 1
as t tends to infinity, and determine the constants a and b in each case. The term O (%>

each in the form

1
denotes an error of order — .

Vit

Hence or otherwise determine the leading term in the expansion of

o 2
/ 6_t$|ZE|t€_m dZ
—00

as t tends to infinity.
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