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1. The energy of a system consisting of N particles is given by

H =
N∑

i=1

εi ,

where the single particle energies εi can assume only the two values εi = 0 or εi = E > 0.

Assume the system to be in contact with a heat bath at temperature T .

(i) Calculate, as function of T , the average number of particles with energy E.

(ii) Calculate Helmholtz’s free energy.

(iii) Calcualte the entropy.

(iv) Calculate the heat capacity.

2. Consider N non-interacting classical 3 dimensional harmonic oscillators. The energy of

each oscillator is given by

E =
p2

2m
+
α

2
r2. (1)

(i) Show that 〈Aq2〉 =
kT

2
where Aq2 is either equal to p2i /2m or equal to αir

2
i /2 for

i = 1, 2, 3.

(ii) Determine the heat capacity.

When the harmonic oscillator is treated quantum mechanically its energy in Equation (1)

is replaced by

Enmk = ~ω (
3

2
+ n+m+ k),

where n, m, k ∈ {0, 1, 2, 3, . . .}.

(iii) Derive the partition function for N non-interacting quantum oscillators.

(iv) Show that the classical result for the heat capacity is recovered in the limit T →∞.
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3. (i) Explain how the self-consistent mean field equation

〈S〉 = tanh[β(Bμ+
Jq

2
〈S〉)]

is obtained from the Ising energy functional

E = −
J

2

N∑

i=1

q∑

j=1

SiSni(j) − μB
N∑

i=1

Si .

(ii) Use the self-consistent equation to determine the mean field transition temperature

Tc .

(iii) Derive the temperature dependence of the order parameter 〈S〉 in the vicinity of Tc.

(You may use without proof: tanh x = x−
x3

3
+ ∙ ∙ ∙ for small x.)

(iv) Consider the one dimensional Ising chain and explain briefly Landau’s argument for

the absence of a phase transition at any non-zero temperature in this system. Why

does this imply that mean field fails qualitatively for the one dimensional Ising chain?

4. Consider percolation in one dimension. Let p denote the probability that a site is occupied.

The probability that a randomly chosen site belongs to a cluster of size s is equal to sns(p),

where ns(p) is the cluster size distribution.

(i) Determine ns(p).

(ii) Calculate, as function of p, the average cluster size 〈s〉.

Consider the correlation function defined by

g(| r− r0|) = γ prob(site r is occupied and belongs to the same cluster as r0),

where γ is a constant.

(iii) Determine how the correlation function depends on r = | r− r0|.

(iv) Determine the correlation length as function of p and show that the correlation length

exponent is ν = 1.
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5. Let n(x, t) denote the density of particles diffusing along the x-axis. The time evolution of

n(x, t) is controlled by the equation

∂n

∂t
= γ

∂2n

∂x2
+ g(x, t).

(i) Express the density n(x, t) in terms of the Fourier transform ĝ(k, ω) given by

ĝ(k, ω) =

∫ ∞

−∞
dx

∫ ∞

−∞
dt g(x, t) e−i(kx+ ωt) .

Consider the fluctuations N(t) in the density at a given position x0 > 0 defined by

N(t) = n(x0, t)− 〈n(x0, t)〉t .

(ii) For ω 6= 0 express the Fourier transform N̂(ω) in terms of ĝ(k, ω).

Assume that the source term is confined to act at the origin, i.e. of the form

g(x, t) = δ(x)χ(t).

(iii) Show that

|N̂(ω)|2 =
|χ̂(ω)|2

4γω
exp{−

√
2ω

γ
x0} .

(iv) Assume that the temporal signal χ(t) consists of white noise and determine the

frequency scale below which the power spectrum of N(t) behaves like 1/f noise.
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