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A particle of mass m is subject to a potential V' (z) in one dimension given by

00 <0
Vig)=4q =W 0<z<a
0 T > a,

where V; > 0.

Show the condition for a stationary bound state of energy F is that it satisfies the equation,

1 /2
—cot(ka) = %\/ W;QVO — k2,

2m

where k% = =

(E+ V).

Find the minimum value of 1}, for a bound state to exist.

The operator @ and its Hermitian conjugate a' have a commutator, [@,af] = 1, and the

operator N = @'d has an eigenstate |a) with eigenvalue a, N|a) = ala).
Show that

(i) the state af|a) is an eigenstate of N with an eigenvalue (a + 1),
(i) the state @|) is an eigenstate of N with an eigenvalue (o — 1),
(ii)) the expectation value of N, (N), is such that (N) > 0.

Deduce that a must be a positive integer n or zero.

If [n) are normalised eigenstates of N, show that
afln) =vn+1jn+1), and aln) = v/n|n —1).

Use the eigenstates of N to deduce a matrix representation of the operator 7 =4 + a'.
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3. (i) If Hermitian operators A and B, which correspond to physical observables A and B,
have a commutator [A, B] = iC, prove the uncertainty relation,

@y
4

(A= (A))N(B—(B))*) =
(i) The state |I,m) is an eigenstate ofTQ, and L, such that
B|l,m) =11+ DR2|Lm), Ll m) =mh|l,m),

where 1 = (TZ,,/Z;,/Z;) is the angular momentum operator, [ is a positive integer or zero,
and m = —I,—l+1,...,1 — 1,1. Show that in the state |/,[) the expectation values
(1y) = @) =0, and @4—%) = 1?1, and prove that this value for (12 —|—E> is the minimum
possible consistent with the uncertainty relation.

~

[You may assume the angular momentum commutation relations, [/l;,ly] = nl,,
1., 1.] = ihl,, and [I,,1.] = iRl ]

4. (i) A system is described by a Hamiltonian H, and is such that the corresponding operator
H has a complete orthonormal set of discrete eigenstates, {|n)} with corresponding
eigenvalues {E,}, such that E,,; > E,, where n is a positive integer or zero. If
(1p| H|4) is the expectation value with respect to a possible normalised wave-function 1,
show that the ground state energy E), satisfies the inequality,

(Y| H|p) > Ey.

(i) A particle of mass m moves in a one dimensional potential V(z) = Az*. By taking a

trial wave-function of the form, ¢ = (a/w)%e*’”z/z, show that the ground state energy

Ey must be such that
2 1/3
E, < 3n° (Gm)\) |
&m

72
o 2 ™
[You may assume the result / e dr=4/—]
a
—0o0
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5. The spherical harmonics, Y, ,,(01,¢1) and Yy (s, ¢2), are normalised eigenstates of the
total and z-component of angular momentum, Tf and l:z for particles i« = 1 and i = 2,
respectively. For [ = I’ = 1, construct eigenstates |L, M) of the total angular momentum
operators L2 and EZ corresponding to the quantum numbers, L =2 and L = 1, with M =1
for both cases, where L= 2\1 —1—2\2.

Calculate the expectation values of I3, + I3, in each of these states.

[You may assume the relation, Tinym = h/l(l+ 1) — m(m £ 1)Y, 41, where /l\i = lAl, j:ilAy ]
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