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1. Let f : R2 → R2 be a map.

(a) Define the (forward) orbit O(x) of a point x.

(b) Define the omega-limit ω(x) of x.

(c) Let A : R2 → R2 be a linear map with distinct complex conjugate eigenvalues α ± iβ
with α2 + β2 = 1.

(i) Give a specific example of a map A for which ω(x) is a circle for every x 6= 0.

(ii) Give a specific example of a map A for which ω(x) is not a circle for every x.

(d) Give an example of a nonlinear map f : R2 → R2 for which ω(x) = S1, where S1 is the
unit circle if and only if x ∈ S1.

2. Let f : S1 → S1 be a circle homeomorphism.

(a) Define the lift of f .

(b) Define the rotation number of f .

(c) Define what it means to say that two circle homemorphisms f and g are topologically

conjugate.

(d) State Denjoy’s Theorem about circle maps.

(e) Sketch the construction of Denjoy’s counterexample and explain what it is a

counterexample to.

3. Let f, g : R2 → R2 be given by

f(x, y) = (2x+ 3x5y3 − x27y5, 3y − 213x67y + xy21)

and

g(x, y) = (27x+ 13y − 29yx20, 27y − 13x+ 2x4y24 − xy89)

(a) Calculate the derivative maps of f and g.

(b) Calculate the derivatives Df0,0 and Dg0,0 of f and g at the fixed points at the origin.

(c) Cite relevant results from the course to deduce that f and g are topologically conjugate

on some neighbourhood of the origin.
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4. Consider the map f : [0, 1]→ R given by

f(x) =

{
3x if 0 ≤ x ≤ 1/2 ,

3(1− x) if 1/2 ≤ x ≤ 1.

Let

Λ = {x : fk(x) ∈ [0, 1] for all k ≥ 0}.

Prove that there exists a bijection h : Λ → Σ+2 , where Σ
+
2 = {0, 1}

N is the set of one-sided

sequences of the symbols 0 and 1.

5. Let

Σ10 = {0, 1, 2, . . . , 9}
Z

be the space of bi-infinite sequences of symbols 0, 1, 2, .., 9 with the metric

d(x, y) =
∞∑

i=−∞

|xi − yi|
10|i|

.

(a) (i) Give the general dynamical definition of the stable and unstable sets W s(x) and

W u(x) of an arbitrary point x ∈ Σ10 .

(ii) Give an equivalent definition purely in terms of the properties of the symbol

sequences.

(b) (i) Give the general metric definition of what it means for a set X ⊂ Σ10 to be dense
in Σ10 .

(ii) Give an equivalent definition purely in terms of the properties of the symbol

sequences.

(c) Deduce the following properties.

(i) The stable (and unstable) sets of any point are dense in Σ10 .

(ii) The stable sets of two distinct points x and y either coincide or are disjoint .

(iii) The stable set W s(x) and the unstable set W u(y) of two distinct points always

intersect and W s(x) ∩W u(y) is dense in Σ10 .

(d) Let z ∈ Σ10 be a sequence which never contains the digit 3. Show that the orbit of z is
not dense in Σ10 .
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