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1.  An unsteady flow is modelled by the two-dimensional velocity field
(u,v) = Uy sint (e %, ye )
where Uy is a positive constant and ¢ is time.

(a) Find a streamfunction for the flow, if it exists.

(b)  Sketch the streamlines, showing the direction of the flow,
(i) For a typical time in the range 0 <t < 7,
(ii) For a typical time in the range m <t < 2.

(c) Setting Uy = 1, find the path of the fluid particle that is situated at the point (0,1) at
time t = 0. Sketch this particle path.

(d) At what points, if any, does the particle in (c) momentarily come to rest? Indicate these

points on your sketch in (c).

2. A point vortex of circulation ' > 0 is at z = 2 () in the complex plane, and a second point
vortex of circulation —2I" is at z = 25(t). Each vortex moves under the effect of the other

vortex's velocity field.

(a) Write down the ordinary differential equations satisfied by z; () and 2z5(¢).

(b)  Solve for the complex number representing the vector 7(t) = 2z1(t) — 22(t) between the
two vortices. What is the rotation frequency of the vortices around each other? In what
direction do they rotate?

(c) Find another constant of motion by taking a linear combination of the two complex
equations in (a). Hence write down the full solution for z;(¢) and 25(t).
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3. A spherical bubble of gas, of radius R(t), is surrounded by an ideal fluid of constant density
p that extends out to infinity. The pressure and velocity of the fluid at infinity is taken to be
zero. The gas inside the bubble is assumed to be an ideal gas with the following equation of
state relating relating its pressure p,, its density p;, and its temperature T5:

Pk
Po

where k is the ideal gas constant. The pressure p, inside the bubble is assumed to be uniform.
The total mass of the gas inside the bubble is M,

(a) Assuming that any flow that takes place starts from rest and is radially symmetric, derive
the ordinary differential equation satisfied by R(t).

(b) Let the initial radius be R(0) = 1 and assume the initial temperature and density of the
gas are T, = Ty and p, = ppy. Assuming that the gas evolves isothermally, show that
the rate of increase of radius of the bubble when the radius reaches R = 2 is given by

1 k Tbo Pbvo In2
2 p

Hint: 12 — % ().

N | —

4. A source of two-dimensional fluid with strength m is placed at the point (a,b) (with a > 0
and b > 0) and a sink of strength —m at the point (a, —b). There is a solid vertical wall along
the y axis. Assume that the flow is steady, incompressible, and irrotational.

(a) Write down the complex potential (z) for this flow.
Hint: You can put image sources and sinks inside the wall so as to satisfy the no-
throughflow boundary condition at the wall.

(b) What is the fluid velocity at the point (a,0)?

(Make sure you give separate expressions for the real components u and v of the velocity.)

(c) What is the total force F' = (F;, F,) on the wall?

dz
fluid density, and C' is a closed contour encircling the solid body.

a0\’
Hint: You may use the Blasius formula F, — i F, = %ip / ) dz , where p is the
c
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5. A hurricane is modelled by an ideal fluid of constant density p with velocity field u given in
plane polar coordinates (7, 6) as

u = (0,up(r))
where
%wgr, r < a;
Ue(r) = Wo ML
o r > a;

where wy is a constant, and a and A are positive constants.

(a) Find the vorticity distribution associated with the flow. For what value of X is the flow
irrotational in the region r > a?

(b) Calculate the circulation around the circle r = b, where b > a.

(c) If the fluid pressure at infinity is zero, find the fluid pressure py at the centre of the
hurricane (i.e., at » = 0) as a function of wy, a, and A. Sketch a graph of py against A
for fixed wy and a.

The Euler equations governing the two-dimensional velocity field w = (u,,uq) of an ideal fluid
of density p are given, in plane polar coordinates, by

ou, uj 10p
or Tl VI ==,
Oug UgUy 1 0p
ot (u- Vg + r _pr89

where 5 5

Ug
(V) =g a0
and

_10(ruy) | 10ug

V~u—T or +;89 =0

The vorticity w = w Z of a two-dimensional velocity field u = (u,.,ug) is given by the formula

o 1/ 9(rug)  Ou,
S\ or 00

where Z is a unit vector along the z direction.
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