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1. A viscous incompressible fluid of viscosity j flows in the channel defined by
0<z<h(x,y).

Write down the circumstances under which the flow can be described by the lubrication

equations:
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Here u, v, w are the velocity components in the x,y, z directions, p is the pressure.

(a) Give an estimate of the order of magnitude of the largest terms neglected in these
equations.

(b) The surface z = h moves in the z direction with velocity W. What are the boundary
conditions for the flow?

(c) Find the velocity components u and v and deduce from the equation of continuity and
boundary conditions that

0 3 0p 0 30p\
ox (h am) + dy <h 0y> = 12ul.

(d) By writing the above equation in the form
div(h*grad p) = 12uW,

show that if the flow depends only on r = /22 + 32 and by using the polar coordinate
forms of grad and div, then the pressure satisfies

dp _ buWr A
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where A is an arbitrary constant.

(e) A sphere of radius a falls towards the plane z = 0 with speed —W. When the sphere
is close to the plane, show that, if hg is the minimum distance between the sphere and
wall, the2n h, the height of a point on the sphere above the plane, is approximately

r
(ho n 2_) .
Hence show that
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2. An incompressible viscous fluid of kinematic viscosity v fills the two-dimensional channel
defined by 0 <y < d.

The flow is at rest until £ = 0 when a uniform pressure gradient is applied in the x direction
and maintained for ¢ > 0.

Show that a unidirectional flow is possible, and find the flow for ¢ > 0.

For small values of d?/(vt) show that
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3. Consider the flow of a viscous incompressible fluid of kinematic viscosity v in the half plane
y > 0. Fluid enters the wall y = 0 at right angles with constant speed V. Far from the wall
the = velocity component tends to the time dependent speed Uy coswt .

Write down the equations which determine the above flow based on the assumption that the
velocity field and pressure gradient in the = direction are independent of z.

Determine (u,v) for the above flow. Discuss the limiting cases :

(@) V — oo,
(b) w—0,
() w—oo.

4. Under what circumstances do the Stokes equations
—Vp+ uVu=0, Vu=0

represent a good approximation to the Navier Stokes equations?

Suppose that a volume V of fluid is bounded by a surface S and that u is specified on S.
Show that the solution of the Stokes equations in V' is unique.

Show that for a two-dimensional Stokes flow the stream function ¥ (x,y) satisfies

o 92\’
(g o) ¥ = 0
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5. Give an argument to show how the steady Navier Stokes equations in two dimensions can be
reduced to the boundary layer equations

uuy + vuy = UU'(x) 4+ vuy,,

Uy +vy =0,
where U(x) is the inviscid slip velocity.

Show that the appropriate boundary conditions are

u=v=0ony=0, u—Ux), y— 0.

Now suppose that U(z) = kz. Show that the above boundary layer equations allow a solution
with 1
1 A
u=hof'(©. v=-h 1@ c=u(5)"
where f satisfies
fll,+ff/,_fl2+1:0,
f0)=f(0)=0, f(oc)=1.

Deduce that the pressure p(x) within the boundary layer is given by

P —DPo 1
(52)-ee
p

where pq is a constant and p is the density.

Show that the Navier Stokes equations for the flow allow an exact solution with the same
velocity field found above. Show that the pressure is now given by

B (p_pp()) _ %k2$2+kﬂ/f,(<)+%kl/f2.
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