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1. (a) An exam paper has an equal number of questions set by each of two examiners A and B.

Each question is either easy or hard, and your probability of obtaining full marks on an

easy question is 2
3
, whereas your probability of obtaining full marks on a hard question is

1
4
, irrespective of which examiner set the question. Examiner A sets questions which are

easy with probability 1
3
and hard with probability 2

3
. Examiner B sets only hard questions.

You choose a question at random and obtain full marks for your answer. What is the

probability that the question was set by examiner A?

(b) Let the random variables X and Y have joint probability density function

fX,Y (x, y) = 2 exp(−x− y), 0 < x < y <∞.

Are X and Y independent? Find their marginal probability density functions and their

covariance.

[You may use the result that 2
∫∞
0
xn exp(−2x)dx = n!/2n, n = 1, 2, . . ..]

(c) LetX1, . . . , Xn (n ≥ 3) be independent, identically distributed N(0, 1) random variables.

(i) What is the distribution of 2X1 − 3X2?

(ii) What is the distribution of X21 +X
2
2?

(iii) What is the distribution of
√
2X1/

√
X22 +X

2
3?

(iv) What is the joint distribution of X = n−1
∑n
i=1Xi and S

2 =
∑n
i=1(Xi −X)

2?

2. Let X1, . . . , Xn be independent, identically distributed with common probability density

function of the form

f(x;μ) =
1

μ
exp

(

−
x

μ

)

, x > 0,

where μ > 0.

(i) What is the distribution of
∑n
i=1Xi? What is the distribution of 2

∑n
i=1Xi/μ?

Now let Y1, . . . , Ym be a further set of independent random variables from the density f(x;μ),

independent of X1, . . . , Xn, and define X = n
−1
∑n
i=1Xi and Y = m

−1
∑m
j=1 Yj.

(ii) What is the distribution of
∑n
i=1Xi/

∑m
j=1 Yj?

Let Tp = pX + (1− p)Y , where p is a fixed constant with 0 < p < 1.

(iii) Find the mean and variance of Tp and show that, for all ε > 0 and 0 < p < 1,

P (|Tp − μ| > ε)→ 0, as m,n→∞.

Find the value of p that minimises the variance of Tp.
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3. (a) State carefully the central limit theorem for identically distributed random variables with

finite mean μ and finite variance σ2.

(b) Suppose that X1, X2, . . . are independent, identically distributed random variables each

uniformly distributed over the interval (0, 1).

Let Y = log(X1).

(i) Find the probability density function of Y , and calculate the mean and variance of Y .

(ii) Suppose 0 < a < b. Show that

P{(X1X2 . . . Xn)
n−1/2en

1/2

∈ [a, b]}

tends to a limit as n→∞ and find an expression for it.

(c) Let X have zero mean and variance σ2. By noting that P (X ≥ t) ≡ P (X + σ2/t ≥
t+ σ2/t), show that

P (X ≥ t) ≤
σ2

σ2 + t2
, for t > 0.

4. Let the random variable X have probability density function

f(x;μ, λ) =

√
λ

2πx3
exp

{

−
λ(x− μ)2

2μ2x

}

, x > 0, where μ > 0, λ > 0.

(i) Verify that the moment generating function of X is of the form

MX(t) = exp

{
λ

μ

(
1−

√
1− 2tμ2/λ

)}

,

and hence, or otherwise, find the mean of X.

(ii) Identify the distribution of Y , where

Y =
λ(X − μ)2

μ2X
.

(iii) Let X1, . . . , Xn be independent, identically distributed, with common density function

f(x;μ, λ). Find the form of the maximum likelihood estimators μ̂, λ̂ of μ, λ. What is the

distribution of μ̂?
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