1.

(a)

(b)

Suppose that discrete random variable X has range X ={1,2,3,...} and probability
mass function (pmf) fx given by

I S
N log (1 — (b);

and zero otherwise, for parameter ¢, where 0 < ¢ < 1.

Fx(z) x=1,2,3,...

(i) Prove that fx is a valid pmf.
(i)  Find the expectation of X.
(i) Find the moment generating function (mgf) for X, My (¢).

Discrete random variable Y has a mixture distribution, that is, its pmf fy takes the
form

friy)=afi(y) + (1 —a)fa(y)

for y € Y, where 0 < a < 1, and f; and f5 are also discrete pmfs.

Let M, (t) and M, (t) denote the mgfs of, and 1, and p, the expectations with respect
to the pmfs f; and fs, respectively. Prove from the definition of expectation that

Ey, Y] =ap + (1 —a)p,

and find the form of the mgf of Y in terms of «, M; and M.
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(a) (i) Suppose that random variable X has a Gamma(a, 1) distribution, for parameter
a > 0. Find the probability density function (pdf) of random variable Y defined

by
1
Y = —.
X

(i)  Suppose that continuous random variable U has a cumulative distribution function
(cdf), Fy, given by

Fy(u) = exp{—exp{—u}} u € R.
Find the pdf of random variable V' defined by

vV =U%

(b) Suppose that X and Y are positive, independent continuous random variables with
cdfs F'x and Fy and pdfs fx and fy respectively.

Show that

PX<Y)=[ [ fx(@) flo)dody
A
for a suitably defined set A.

Deduce that )
P[X <Y] :/ Fx (Fy* (1)) dt,
0

where F-! is the inverse function for the 1-1 function Fy.

Hint: integrate dx, then change variables in the remaining dy integral.
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3. (a) Suppose that Z; and Z, are independent random variables each having an
Exponential (1) distribution.

(i) Find the joint pdf of random variables Y; and Y, defined by

Z

) — —
YUz 7,

}/QIZl—f—ZQ.

(i)  Find the conditional pdf of Y;, given that Y, = 1.

(b) For random variables X and Y, using the following representation of the joint
probability model:

fxy (z,y) = fxy (=ly) fr (y),

compute the marginal probability distribution of X when,
(i)
X|Y =y ~ Binomial(n,y)

for positive integer n, and the continuous random variable Y has a standard
uniform marginal distribution.

(ii)
X|Y =y ~ Exponential(y)

and Y ~ Exponential((3) for parameter 3 > 0.

State the range of the X variable in each case.
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(a) Compute the correlation between continuous random variables X and Y where
X ~ Normal (0, 1)
and Y = X2
Are X and Y independent ? Justify your answer.

Hints:

(i)  Use properties of expectations and the following results for the standard normal
distribution — if Z ~ N (0,1), then

Ep,[2)=0  Ep, [2°] =1  Ep[2°]=0  Ep,[27] =3
(i) If Y = X?, the rules of expectation dictate that for a general function h,

Epey [M(X,Y)] = By, [h (X, X7)] .

(b) Suppose that X; and X are independent standard normal random variables. Define
random variables Y; and Y5 by the multivariate linear transformation

Y=AX+b

where X = (X;, X5)" and Y = (V;,Y3)" are the column vector random variables, A
is the 2 X 2 matrix

and b= (1,2)" is a constant column vector.

Find
(i) The marginal distribution of Y;.

(i)  The covariance and correlation between Y] and Y5.

You may quote without proof general properties of the univariate and multivariate
normal distribution.
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5. (a) Suppose that continuous random variables X,,, for n = 1,2,3..., each with range
X = (0, 00), have cdfs given by

FXn(m):( z” )n x>0

1+ 22

and zero otherwise. Show that, in the limit as n — oo,

(i) the limiting distribution of X, does not exist,
(i) the limiting distribution of Y;, defined by

Yo = Xo/v/n

does exist and is a continuous distribution on X.

(b) In a simple model of the Foreign Exchange market, the exchange rate for the British
Pound against the US Dollar is believed to change from day to day according to the
following simple probability model; from one day to the next, the rate increases by
a constant multiplicative factor a > 1 with probability % and decreases by a factor

1/a < 1 with probability % On the log scale, therefore, the log exchange rate on day

n is a random variable Y,,, say, where

where, for i =1,2,3....

log a with probability
X; = . -
—loga with probability

NN~

and for i = 0, Xy = zy, a known constant.
(i)  Using the Central Limit Theorem, find an approximation to the distribution of Y,
for large n.
(i)  Show that, for any n,
P|Y, — xo| > 20,] <

A

where

o2 =n(loga)’.

M2S1 Page 6 of 8



(x] x?ﬁ\/mb = [x] “Yrep

[x] Yo+ = [x] Ya

(10) Xy = (B AW

0
TP 4 9 HT \
oo

Axwav X = (A) A1

= (0)1

0

!

(25) =y

soA18 Y0 + 11 = £ moneunojswer) FTVOS/NOLLVOOT o pue

NOILONNA VININVD 91} ouyep ‘(g 98ed uo usA1s) suonnquisip SNONNLLNOD 104

% — 1)1 % % z ¢ ¢ P
AA Mm v chg -1 NQ|Q:QAH|H+:V EVEYIV/EX! {27} ©
= 1)1 IT—u ¢ ¢ et ¢ ‘
A$v } m U :&F - av (T0)>6'4z>u {1 +utu} | (9 u)puuowgban
i 7
— .H 2= .H 13 v b 13
. WM\ @N\mz m A9-1) -1 01-+(0— 1) (t)>0 {21 (9)o1191100,9
)
T
{1—p)}tdx X X /\_ 5 oY {‘z‘1‘0} (Y)uosswog
X
JLP0+0-1) (6 — T)ou ou o—u(f = 1) A:v (1‘0)29‘yZz>u {u* 10} (9 “w)prwourg
POTO—1 (-1 0 e 10— Db (1°0)2 ¢ {10} (9)rnouog
Xy Xq xf X
IO ] ¥wen | [x]¥a | aao zo%mwmmbm SHALANVUV ADNVY

SNOILLNITYH.LSIAd HLHYDSIA

Page 7 of 8

M2S1



T+g+P) g+ g+mo 9)1(®)1 ‘ ‘ ‘

A QMNA v ) 1-g(T = Dy—o® MQV+AGW,H A3 ¢ (1°0) (g ‘©)pp2g

(<o) (<o (o 49)

(e~ o)1 -"v) 1-o Af%v 1o(T+ 8 ﬁ :
0 -1 >0 0 9)039.4
20° 6 o\ 0 00 +d 0 +i (0°) d
1 4
ﬁ\a + L@\, Amv I
—a ,
<ap =L |a<am o ST sasa i (a)puopnyg
Aﬂ+=vp

(1 = 0¢0 =1l [opowr prepue)s)

ougN
A|wmb +wiwmx® 20 7 A Ahb\m&v\waxom ; +%wb“%w3. NI Ambiv?ggoz

etz z
g g (1 = ¢ Ppow prepuess)
0/g 0/1 2 ¢ 3
zg—2 — 1 2g—?1—oTg0 A4 A g ‘0)11mqe M
NTL@.TC I- T\dm._.ﬁ: T\d._.ﬁ: o8 0T =1 + + (¢*©)
(1 = ¢ Ppow prepuess)
1—4d g g ©)1 ‘ ‘
A g v w 0 &n\wﬁwdaﬁdw +a3¢g' +A (¢ ‘o)pwwuny
(1 = Y [Ppow prepuess)
7 —
A X /\v w M ay=? 71 oy =Y +A X A (Y)ryuouoda sy
( ) (1 =¢ ‘0 =0 [opowr prepue)s)
0 —g)1 4} 4 0 —g ©0—yg . .
1o — 16? o) (d+0) vz T gag>vo)  (g) (g 0)usofrun
R4 Xq X[ X
DN [x] *Yrep [x] & 4dD dad SYALHNVYVd | HDNVY

SNOILLNITY.LSIAd SNONANILNOD

Page 8 of 8

M2S1



