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1. (i) Give the definition of f — l asx — a; and f — [, as © — a_ in terms of € and 0.
(i) State the Intermediate Value Property for a continuous function f defined on [a,b] C R.
(iii) Prove that if f: [0,1] — [0, 1] is continuous, then J¢ € [0, 1], such that f(c) =

(iv) Let f be continuous on [0, 2]. Prove that there are z,y € [0, 2] such that

2
Hint: consider g(x) = f(x + 1) — f(z) — (f(2) — f(0))/2, x € [0, 1].

2. (i) State Taylor's Theorem with Lagrange's form of the remainder.

(ii) Find Taylor's formula at 0 with Lagrange's form of the remainder for the function

f(z) = zIn(1 + 2?), r €R.

(iii) Prove the inequality

1
u+@%>1+f—ggaﬁ £>0, n=234.. ..
n n

3. (i) Define upper and lower Riemann sums for a bounded function
f:la,b) = R
(ii

) Prove that if f is continuous on [a,b] then for any ¢ € (a, b)

/f m_/f m+/f

(iii) Show that is f is a non-negative continuous function on [a, b] such that

/abf<x>das=

then f(x) =0 on [a,b].

4. (i) Define a directional derivative for a function f : B.(a) — R at a € R"™, where
By(a) ={z e R": |z —a| <1}.

(i) Let f: R® — R, such that f(z,y,2) = 2y + z*(z + y) and let v = (1,1,1). Find f/(3,2,1).

(iii) Let f : R — R and let for any a > 0, x € R", we have f(azx) = af(z). Prove that

flx) =z -V f(z).



