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1. The differential operator L is defined by

Ly ≡ xy′′ − 2y′ + (x+
2

x
) y .

(i) Show that y(x) = x sin x is a solution to the homogenous equation Ly = 0 .

(ii) Find the Wronskian W (x) for any linearly independent pair of solutions y1, y2 of the

equation Ly = 0 .

(iii) Construct a Green’s function appropriate for a boundary value problem where the Green’s

function vanishes at x = π
2
and x = π .

(iv) Use the Green’s function to solve the equation

Ly = x2,
π

2
≤ x ≤ π,

with

y
(π
2

)
= 1, y(π) = 0 .

2. Find two series solutions about x = 0 for the equation

y′′ − xy′ + λy = 0 ,

where λ is a constant.

What is the radius of convergence for each solution?

Determine the eigenvalues λ for which one or other series terminates as a polynomial; call

such solutions the eigenfunction solutions pλ(x) .

Rewrite the differential equation in Sturm-Liouville form, and hence deduce the orthogonality

relation between the eigenfunction solutions.
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3. The function f(x) is defined as follows:

f(x) = ex, 0 ≤ x ≤ π,

and f(x) = f(−x),

and f(x+ 2π) = f(x) .

Plot the function f(x) over the range −2π < x < 2π .

Show that the Fourier series for f(x) is

f(x) =
eπ − 1
π
+
2

π

∞∑

n=1

(−1)neπ − 1
1 + n2

cosnx .

By considering particular values of x = 0 and x = π, deduce that

tanh
(π
2

)
=
4

π

(
1

2
+
1

10
+
1

26
+ . . .

)

.

4. The Fourier Transform of the function f(x) is defined by

f̂(k) =

∫ ∞

−∞
f(x)e−ikx dx .

State the inverse transform which defines f(x) in terms of f̂(k) .

The function f(x) is defined as

f(x) =






1
2
e−x , x > 0,

1
2
ex , x < 0.

Find f̂(k) .

State the convolution theorem and use it to evaluate the integral

1

2π

∫ ∞

−∞

1

(1 + k2)2
eikx dk .
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5. A uniform material with a spherical hole of radius a has an axisymmetric temperature

distribution governed by Laplace’s equation

∇2T = 0, r ≥ a,

together with the boundary condition that T (a, θ) = sin θ on r = a, and T (r, θ) → 0 as
r →∞ .

Using the method of separation of variables as appropriate for spherical polar coordinates,

show that the required solution is

T (r, θ) =
2

3

a

r

(

1−
a2

r2
P2(cos θ)

)

,

where P2(cos θ) is a Legendre polynomial.

[ You may quote without proof the axisymmetric form of the operator ∇2 :

∇2 ≡
1

r2
∂

∂r

(

r2
∂

∂r

)

+
1

r2 sin θ

∂

∂θ

(

sin θ
∂

∂θ

)

.

Legendre’s equation for y(x) is

(1− x2)
d2y

dx2
− 2x

dy

dx
+ l(l + 1) y = 0,

and has the polynomial solutions Pl(x) . ]
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