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1. (a) Using tensor calculus simplify
a-(axc)

where a, ¢ are constant vectors (you may assume that a x a = 0).

(b)  Using tensor calculus, for constant vectors a, b, ¢, show that
(bxc)x(cxa)=c(a-[bxc])

and hence that
(axb)-[(bxc)x(cxa)=(a-[bxc])?

(c) Evaluate V2|V - (r/r?)] where r = (z,y) and r = |r|.

2. (a) State without proof Green's theorem in the plane where C' is a simple closed curve in
the plane enclosing an area (surface) A.

(b) Given a closed simple curve C' in the x,y plane enclosing an area A take each of the
following and demonstrate whether it is true or show that it is false.

(i) The area is

xdy. (true or false? Show your reasoning.)
c

(ii) The area is
% —ydz. (true or false? Show your reasoning.)
c
(iii) The area is

1
5 % (xdy — ydz). (true or false? Show your reasoning.)
c

3

(c) Calculate the area of the hypocycloid defined by 22/3 + 32/3 = 4?/3. Hint use a

parametrisation of the curve: x(t) = acos®t,y = asin®t with 0 <t < 27.

(d) Consider the following path C: C'is the union of a circle of radius 4 center the origin
traversed anti-clockwise and another concentric circle of radius 1 traversed clockwise.
Evaluate the following path integral directly

/ (3x — y)dx + zdy
c

and then verify your result using Green's theorem. Be careful to justify your use of
Green's theorem.
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3. (a) The region R is defined as the finite area enclosed by the lines y = /2, y = 0 and the
curve x = 1 + y2. Sketch the region R.

(b)  Using the change of variables x = u? + v?, y = uv show that the transformed region R
in the u, v domain is a triangle: pay particular attention to the mapped positions of the
vertices.

(c) Calculate the area of the region R.

(d) Is the coordinate system defined by w, v orthogonal? (Justify your answer.)

4. Using the divergence theorem deduce Green's first identity for two scalar fields ¢ and v:

[ 16970 +90-vuav = [ o(ve - mas
1% S

(you should define V, S and n). Thence deduce Green's second identity:
6w —uwaiav = [ (v, — voyas
1%

The scalar fields ¢ and v satisfy the Helmholtz equations
VA + k) =d(x = X), V+k6=f(x)

where k is constant. If the boundary conditions on S are that 1) = 0 and ¢ = ¢(x) on S then
show that at any point within the surface S ¢ is given by:

o(x) = /V Uf(x)aV + /S 4(x)6ndS.

If the boundary conditions change so that ¢, = p(x) on a portion of the surface S, and
¢ = q(x) on the remaining portion of the surface S, find ¢(x).
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5.  Consider the following Poisson equation in spherical polar coordinates (r,6,)) with
axisymmetry assumed, i.e no dependence on the azimuthal angle X,

2 —lg 2% 1 2 : 2 2.2
Vcb—rzar T@r +T281n089 Sm@ae = r“cos” 4. (%)

Consider a solution written in the form of a complementary function plus a particular integral,

¢ = ¢cr + Ppr,

and suppose that this solution remains bounded in the domain r < a.

(a) Write down ¢cF.
(b) Find a particular integral ¢p;.
(c) Hence find the solution to (x) in the domain r < a that satisfies the boundary condition

¢o=0onr=a.

[You may use the following formulae for the first few Legendre polynomials: FPy(c) = 1,
Pi(c) = ¢, Py(c) = 2(3¢ — 1).]
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