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(b)

(a)

(b)

Show that the vector field
A = 2y exp (2?)i + yexp (2?)j + 2’k

is the gradient of a scalar function ¢(z,y,z). Determine ¢. Hence or otherwise

/ Aedr
C

where C' is any curve from the origin to the point (1,1,1).

/B.dr

C

evaluate the line integral

Evaluate the integral

where (' is a straight line from the origin to the point (1,1,1) and

B=A+z+2%+9°k

State the divergence theorem. Then by substituting F=u x K into the theorem,
where K is an arbitrary constant vector, prove that

/qudV:/nxudS,
1% S

where V' is a volume bounded by a surface S with outward normal n.

State Stokes’ Theorem. Then use the theorem to show that

/S/(V X F)endS = 27

. 1 . 1
F=(z—-2y)i+(y-— §yz2)J + (2 — §y22)k

and n is the unit outward normal vector to the hemisphere S given by 22 +3?+2%2 =1
and z > 0.

where
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3. (a) Curvilinear coordinates (u,v,w) are defined in terms of the cartesian coordinates
(21,2, x3) by the relations

Ty =e%cosv T =¢e"sinv x3=w
with —7 < w < 7. Using the identities

0x = (hidu)er + (hadv)es + (hgdw)es
ox = 5[[’11 + 6372.] + 51’31{

or otherwise, calculate the scale factors hy, ho, and hz. Express each of the unit
vectors e, e, and ez in terms of the cartesian unit vectors i, j, and k.

(b) A scalar field ¢ is given in terms of the curvilinear coordinates by
¢ = e* — 3uw?

Find F = V¢ and the scalar field V2¢ in terms of the curvilinear coordinates. Then
express F in terms of the cartesian coordinates and re-calculate V2¢ in terms of the
cartesian coordinate system. Show that the two expressions for V2¢ are consistent.

You may quote, without proof, the following results for a generalized coordinate system
(91, g2, 3)

% F(Q1,Q27Q3) =
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4. (a) In spherical polar coordinates (r, 6, \), axially symmetric functions do not depend on
A. The potential ¢ is subject to the Poisson equation

V% =24rcos’d, for r<a,
together with the boundary condition
p=0, at r=a

Given that ] 5
cos? 0 = = Py(c) + = Py(c)
3 3
where ¢ = cos 6 and FPy(c), P»(c) are Legendre polynomials, find a particular solution
of the Poisson equation in the form ¢p = r3(KyPy(c) + K2P3(c)). Then solve for

¢(r,0) in given region r < a.
You may quote, without proof, the results: Py(c) = 1, Pi(c) = ¢ and Py(c) =
%(3@2 — 1). Also, it may be assumed that the Laplacian of a radially symmetric
function ¢ in terms of r and c is

ng)

Vi) =5 r2 87’( or aé)

8c<(1_c >8c

(b) Let (p,0,z) be the usual cylindrical coordinates and consider the Laplace equation
V2¢ = 0. Assume that the solution ¢ has the form ¢(p, 0, 2) = F(p)G(6) (note that
¢ is z—independent).

Deduce the ordinary differential equations that /' and G' must satisfy (do not solve
them!).

You may quote, without proof, that the Laplacian in cylindrical coordinates of a
function ¢ is
0¢ 1 0% 0%
V== (p2t)+ Sl 2L
¢ pOp (pﬁp p? 062 * 022
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(b)

Prove the identity
! !
Tz‘jTij =TT
where T}, and Tj; denote the components of a cartesian tensor with respect to right

handed cartesian coordinate systems S’ and S.

State the transformation law satisfied by a 7};;, a cartesian tensor of rank 3. Show
that 7;;; is a cartesian tensor of rank 1.

Give the definition of the inner product of two cartesian tensors. Then verify that the
inner product of two cartesian tensors of order 2 is a cartesian tensor of order 2.
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