(b)

(b)

The vector field
F =3(2" + 21 + (22%9)j — (622 + 2°2)k
is the gradient of a scalar function ¢(z,y,z). Determine ¢. Hence or otherwise

/F-dr

<

evaluate the line integral

where C is a curve from the origin to the point (1,1, 1}.

Calculate the directional derivative of ¢ at the point (1,11} in the direction (2,2,-2).

/A-dr
&

where (1 is a straight line from the origin to the point (1,1,1) and

Evaluate the integral

A =TF + 4%

State, without proof, the divergence theorem satisfied by a differentiable vector field
E in a simply connected volume V" bounded by a surface S. For the vector field

G=zi+yj+zk

what is V - G? Verify the divergence theorem for the vector field G when the simply
connected volume is a sphere of radius a centered at the origin.

Using Stokes’ Theoram show that
//(VxH)-ndS:ZW
3

H = —yi + zj + sin(2)k

where

and n is the unit outward normal vector to the curved surface S of the hemisphere
22 + 9y + 22 <1 with z > 0.



3. (a) Curvilinear coordinates (u,v,w) are defined in terms of the cartesian coordinates
(21,29, z3) by the relations
- L, 5 2
Ty = WUCOSW Lo = uusinw 3 = 5(u — %)
with —7 < w < 7. Using the identities
0x = (hld’{,{,)e]_ + (h25U)62 + (hg(S’[UJEE,
0X = Qi+ odxg) + dxak
or otherwise, calculate the scale factors hy, ko, and hs. Express each of the unit
vectors e, e; and es in terms of the cartestan unit vectors i, j, and k.
(b) A scalar field ¢ is given in terms of the curvilinear coordinates by
1
¢ = _(uﬁ + UZ)Z
4
Find V¢ in terms of u, v, w, e1,es and e;. Express the function ¢ in terms of the
cartesian coordinates and re-calculate V¢ in terms of the cartesian coordinate system.
Show that the two expressions for V¢ are consistent.
You may qucte, without proof, the following result for a generalized coordinate system
(61,02, q3)
1 9f 1 af 1 adf
Vilg.goqa) = —5—€1+—5—€ -+ — €3
) h1 Ogy ha Ogg ha Ogs
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4. In spherical polar coordinates (.8, A), axially symmetric functions do not depend on A
State, without proof, the set of separable solutions, which are axially symmetric, of the
Laplace equation Vi = 0, where 1 = v(r, 8).

The function ¢(r, ) satisfies the Poisson equation

together with the boundary condition

¢ =a’cos(28), at r=a

H

Show that a particufar solution in the region r < ¢ of the Poisson equation is by = Kr*
where the constant K should be determined. Show that a? cos{26) can be expressed as a
linear combination of the Legendre polynomials Py, P{c), and P(c) with ¢ = cos 6.

Determine the solution for &(r, ) in the region r < a.

You may quote, without proof the results: Py = 1, Pi(¢) = ¢ and Pa{c) = 1(3¢* — 1).
Also, it may be assumed that the Laplacian of a radially symmetric function bp(r)is

\72(2.} (!") — dzqﬁp(r) + %dd)p(T)
p - i

dr? v dr

9. (a) State the transformation law satisfied by a tensor of rank 2. Prove the identity

TLTL =TyTy

ik YRR

where 7)., T;; denote the components of a tensor with respect to right handed
13 7 p g

cartesian coordinate systems S’ and 5.

(b) Use tensor notation to establish the identities
(1) V- (fu)=(Ve) u+4(V-u
(ii) Vx({¢u)= (Vo) xu+¢(V x u)
(i) V-(fuxv)=v-(Vxu —u-(Vxv)
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