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1. (a) Let

1 1 31
A:Z 3 25 3 |,
1 35
and
1 0 0
ee=1201, e =11 and es=10
0 0 1

Assuming that A is positive definite, let (-,-)4 be the inner product on R3 x R3
induced by A. Apply the classical Gram-Schmidt algorithm using (-, -) 4 to the vectors
{e;}i_1 to produce orthonormal vectors {g }?_, with respect to (-, ).

(b) Let uw € R™ with |ju|| = 1. Define
P=1-2uu’ e R™".
Prove that P is a symmetric orthogonal matrix such that

and (i) Puv= w VoeR" with vTu=0.

Find i P;.
i=1

(c) Find the Newton form of the cubic interpolating polynomial for the data

{(xia fz)}§:0 = {(17 1)? (_17 5)7 (2a 11)7 (07 1) } :
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2. (a) Use Givens rotations to compute the least squares solution z* of the overdetermined
linear system A x = b, where

41
A={0 1], z =
3 2

N
8 B
N =
~_
o
=
o
IS5
Il

|

NI

Calculate the error || Az* — b||, where [|y|| = (y"y)>.

Check your solution by solving the corresponding normal equations.

(b) Define the Cholesky factorization of a symmetric positive definite matrix.

Show that
16 4 —4
4 10 2
-4 2 27

is positive definite.

Compute its Cholesky factorization.
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3. Let V be a real vector space. State the properties that a real-valued function (-,-) on
V' x V' must satisfy for it to be an inner product.

Let U be a subspace of V' with basis {¢;} ;. Given any v € V, let
E(A) = HU_Z)\%¢1H27 where A: ()\17)\27"' a)\n)T cR"
i=1

and || - || = [(-,-)]2. Show that
EQ) = [lv]* = 22"n+ X"G A,
where 1 € R™ and G € R"*" are such that
pi = (v, ¢:) and Gij = (¢, 95), i,j=1—=n.
Derive the following results.

(i) G is a symmetric positive definite matrix.

(ii) There exists a unique \* € R" such that G ™ = p.

(i) EQ"+h) = EQ") + h/Gh> B(\") VheR"

(iv) u* = Z)\fgbi € Uis such that (v —u*,u) =0 Vuel.

i=1

(V) EQ) = [Jof* — flu*]*.

Let V' = C[0, 1] with inner product

(f.g) = / (1+2) f(z)glx)dz ¥ f, geC0,1]

Let U = Py, with basis {1,z}.

If v="22(1+2)"", find the corresponding u* and calculate E(\*).
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4. (a) Forn >0, let
Vii1(z) = sin(cos ' x) sin(n(cos™' z)) Vaxel|-1,1].

By introducing the change of variable z = cos#, and noting a trigonometric identity,
derive the recurrence relation

Vos1(z) + Vooi(z) =22V, () for n > 2.

Hence, or otherwise, show that V,,,; € P, 1 for n > 1.
For n > 1, let '
jm :
x]*-:(:os(?), j=0—=n.

Show for n > 1 that

Vn—‘—l(x;) =0 and V72+1($;) = (_1)j+1 na; j =0— n,
where ap = a, =2anda;=1forj=1—n—1.
(b) Fori=0—n, let
S R CAE)
gi = —]7
(@) H (z; — x4)
J=0,j#1

where {z;}7_, are distinct points.

Write down the polynomial p,, € P, in terms of {/;}? ,, which interpolates the data

{CU]', f(xj) ;’L:O'

Show that this interpolating polynomial is unique, and hence that Z&(m) =1.
i=0
For i = 0 — n, show that

n

ti(z) = éi ’i(z)> where  L(z) = j[z[o(x —x;) and g = [L'(z:)] %
Hence deduce that
> gi(z— ) f(z)
pu(z) = i:On for z#z;, j=0-—=n.
Z gi (& — ;)"
i=0

Finally, if the interpolation points {z;}7_, are chosen so that z; = 7}, j = 0 — n,
as defined in part (a) above; show that
Y cile—al) ™ fla))

pn(z) = =2 for z#2}, j=0-—n,

n

Z ci(z—a)™

1=0

where g = 1, ¢, = (—1)"L and ¢; = (=1)/ for j =1 - n — 1.
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