
M2AA2 - Multivariable Calculus. Problem Sheet 9. Solutions.
Professor D.T. Papageorgiou

1. (a)

δij
∂xi

∂xj
=
∂xi

∂xi
= 3

(b)
δijδikxjxk = δjkxjxk = xjxj = x2

1 + x2
2 + x2

3 = r2

(c)

δij
∂2φ

∂xi∂xj
=

∂2φ

∂xi∂xi
= ∇2φ

(d)
δijδjkδki = δikδki = δii = 3

2. We have from the definition of angular momentum and the fact that v = ω × x that

hi = mεijkxjvk = mεijkxjεkpqωpxq = mεkijεkpqxjωpxq = m(δipδjq − δiqδjp)xjωpxq

= m(xqωixq − xpωpxi) = m(xkxkδijωj − xjxjωj) ≡ Iijωj ,

where Iij is the inertia tensor.

3.

[u× (∇× u)]i = εijkujεkpq
∂uq

∂xp
= (δipδjq − δiqδjp)uj

∂uq

∂xp

= uj
∂uj

∂xi
− uj

∂ui

∂xj
=

1
2
∂u2

j

∂xi
− uj

∂ui

∂xj
,

as required.

4. (a)
φ′ = u′v′ = aijujajkvk = δjkujvk = ujvj = φ,

i.e. a scalar, hence a tensor of rank zero.

T ′
i = u′

ku
′
kv

′
i = akruraksusaitvt = δrsurusaitvt = ait(ururvt) = aitTt,

hence a tensor of rank one.

(b) Transform Tij to T ′
ij as follows

T ′
ij =

∂A′
i

∂x′
j

=

(
∂A′

i

∂xr

∂xr

∂x′
j

)
= ais

∂As

∂xr

∂xr

∂x′
j

.

Since xr = atrx
′
t we have ∂xr

∂x′
j

= atr
∂x′

t
∂x′

j
= atrδtj = ajr. This implies, then,

T ′
ij = aisajr

∂As

∂xr
= aisajrTsr,

i.e. a tensor of rank two.
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5. First express e′
i in terms of ei:

e′
1 = cos θ e1 + sin θ e2, e′

2 = − sin θ e1 + cos θ e2, e′
3 = e3.

Use the notation c = cos θ, s = sin θ and introduce the matrix A = (aij) by

A =

 c s 0
−s c 0
0 0 1


Now T ′

ij = airajsTrs, or in matrix notation T ′ = ATAT , and multiplying out the matrices we
find

T ′ =

 c2T11 + scT12 + scT21 + s2T22 −scT11 − s2T21 + c2T12 + scT22 cT13 + sT23

−scT11 + c2T21 − s2T12 + scT22 s2T11 − scT12 − scT21 + c2T22 −sT13 + cT23

cT31 + sT32 −sT31 + cT32 T33


It follows that T ′

ii = T ′
11 + T ′

22 + T ′
33 = (c2 + s2)(T11 + T22) + T33 = Tii, as required.

6. For Dij to be a tensor, then D′
ij = airajsDrs for any transformation to S′. Check if this is

the case for the transformation of problem 5. This gives

D′ =

 c2 + s2 0 0
0 s2 + c2 0
0 0 1


and this is exactly D for all θ. Hence D is not a tensor.

7. First find the transformation of the basis vectors e′
i in terms of ei to get a matrix A, and then

the transformation of e′′
i in terms of e′

i to find the matrix B (see problem 5). The matrices
are

A =

 1 0 0
0 1/

√
2 1/

√
2

0 −1/
√

2 1/
√

2

 , B =

 1/
√

2 1/
√

2 0
−1/
√

2 1/
√

2 0
0 0 1

 .
Now T ′ = ATAT and T ′′ = BT ′BT = CTCT where C = BA, i.e

C =
1√
2

 1 1 1
−1 1 1
0 −1 1


Substituting for the given T and multiplying the matrices gives

T ′′ =

 2a+ b −2a+ b b
√

2
−2a+ b 2a+ b b

√
2

−b
√

2 −b
√

2 −2b


Now we have

(i) T ′′
ii = (2a+ b) + (2a+ b)− 2b = 4a = Tii.

(ii) T ′′
ijT

′′
ij =sum of the squares of the elements = 16(a2 + b2) = TijTij .

(iii)
T ′′

ijT
′′
ji = T ′′

11 + T ′′
22 + T ′′

33 + 2T ′′
12T

′′
21 + 2T ′′

13T
′′
31 + 2T ′′

23T
′′
32 = 16a2 = TijTji
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