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January 26, 2009. Prof. D.T. Papageorgiou

. If v = (2zy + 22, 2yz + 2%, 222 + y?) show that V x v = 0 and find the potential ¢ such that
v = V¢, with ¢ = 0 at the origin.

. If ¢ and 1) are harmonic scalar fields (i.e. they satisfy Laplace’s equation) and if the level
surfaces of ¢ and ¥ are mutually orthogonal, show that the product ¢ is harmonic.

. Evaluate the line integral
I:/(l’ydl' + yzdy + xzdz),
P

where P is the straight line joining the starting point A(0,0,0) and the end point B(1,2,3).

. Evaluate the line integral W = [, F - dr along the three given different paths joining (0,0, 0)
and (2, 1,3), where F = (322, 2x2 — y, 2):

(a) Pp: straight line.

(b) P»: the curve defined by (2t2, t, 4t> —t) from t =0 to t = 1.

(¢) Ps: the curve defined by (s, %, %) from s =0 to s = 2.
. F = (2rx—yz, —xz, 22—2y), show that V x F' = 0 and find a function ¢ such that F = V¢.
Hence evaluate the line integral [, F - dr, where P is any path from (0,0,0) to (3,2,1).

. Consider the functions Fi(x,y) = —%erz and Fy(z,y) = 771,z and the line integral I =
Jo(Fidz + Fydy). Find directly the values of I for the three different closed curves given
below

(a) C = C1 + Cy, where (1 is the circular arc (traversed positively, i.e. anti-clockwise)
joining (1,0) with (0,1) and Cs is the straight line joining (0,1) with (1,0).

(b) C = Cy + Cy, where C] is the circular arc traversed negatively joining (1,0) with (0, 1)
and Cy is the straight line joining (0,1) with (1,0).

(c) C is a circle of radius 1 and centre (0, 0).

Explain your findings especially in the light of the fact that Fy, = F», and the path indepen-
dence theorem that is expected to apply.

. Verify Green’s Theorem in the plane, namely

}{ Fider + Fdas :// (%— 8F1> dzy das,
P r \ 021 0xa

for the special case in which R is the rectangle with corners (0,0), (a,0), (a,b), (0,b),
Fi(x1,x9) = axg and Fy(x1,22) = 2z122 and P is the boundary of R.

. Use Green’s Theorem in the plane to show that the area A inside a plane curve C' may be

written in the form )
A= *j{ CEldCCQ — :Egd.Tl.
2 Jo

Hence find the area bounded by one arc of the cycloid x1 = a(t — sint), xo = a(l — cost),
with @ > 0 and ¢ € [0, 27], and the z-axis.



