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1. An isentropic gas evolves according to the equations

∂ρ

∂t
+
∂

∂x
(ρu) = 0,

ρ

(
∂u

∂t
+ u
∂u

∂x

)

= −k2
∂ρ

∂x
,

where u is the velocity, ρ the density, t the time, x the position, and k is a constant.

(i) Assuming a density-velocity relation of the form ρ = ρ(u), show that solutions to the

above equations are only possible if

ρ = ±kρ′(u).

(ii) Solve this equation for ρ, applying the condition ρ = ρ0 (constant) when u = 0.

Assuming that the density is a decreasing function of velocity, show that u(x, t)

satisfies the kinematic wave equation

∂u

∂t
+ (u− k)

∂u

∂x
= 0, (1)

and deduce the speed of propagation of wave disturbances as a function of velocity.

(iii) Suppose that at time t = 0 the density distribution is of the form

ρ(x, 0) =

{
1
2
ρ0 x < 0,

ρ0 x > 0,

with a shock at x = 0. By considering the kinematic wave equation (1) in conservative

form, show that by time t the shock front has advanced a distance

k

(

1−
1

2
ln 2

)

t

to the left.
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2. A stream of water of depth h1 and speed u1 undergoes a hydraulic jump. The depth and

speed of the fluid to the right of the jump are h2 and u2, with h2 > h1. Acceleration due

to gravity is denoted by g.

(i) Derive the relations

u1h1 = u2h2,

h1u
2
1 +
1

2
gh21 = h2u

2
2 +
1

2
gh22,

linking the properties upstream and downstream of the jump.

(ii) Using the equations in part (i), obtain expressions for the upstream and downstream

Froude numbers F1 and F2 in terms of h1 and h2, and show that

F 21 =

(
h2

h1

)3
F 22 .

(iii) Deduce that F1 > 1 and F2 < 1.

3. A fluid of constant density ρ0 and depth h flows steadily through an open horizontal channel

of cross-sectional area A = ah2 + bh, with a and b positive constants. The governing

equations are

u
du

dx
= −g

dh

dx
,
d

dx
(Au) = 0,

where u is the fluid velocity and g is acceleration due to gravity.

(i) Draw a possible shape for the cross-section.

(ii) Show that the flux Q is related to h by the equation

Q2 = 2g(E − h)(ah2 + bh)2,

where E is a constant.

(iii) Show that for fixed E, dQ2/dh = 0 provided h satisfies

5ah2 + (3b− 4aE)h− 2Eb = 0.

Show that this equation has two real roots of opposite sign. Deduce that the flux is

a maximum (Qmax, say) when h is the positive root of the quadratic.

(iv) Sketch Q2 versus h for fixed E and show graphically that there are two flows that

provide a given flux Q (< Qmax).

(v) Define the Froude number Fr in the usual way, and show that for a = 0, one of these

flows has Fr < 1, while the other has Fr > 1.
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4. (i) Show that the convected wave equation for h(x, t):

(
∂

∂t
+ U0

∂

∂x

)2
h = c20

∂2h

∂x2
, (1)

with U0, c0 constant, can be transformed into the standard wave equation:

∂2h

∂t2
= c20
∂2h

∂ξ2
, (2)

where ξ = x− U0t. Hence deduce that the general solution of (1) is

h(x, t) = F (x− (U0 + c0)t) +G (x− (U0 − c0)t) ,

where F and G are arbitrary functions. [You may quote the general solution of (2)].

(ii) A fluid flows with constant speed U0 and depth h0 in a channel of rectangular cross-

section. At time t = 0 the surface is disturbed slightly, so that

h(x, 0) = h0 + εe
−kx2 ,

∂h

∂t
(x, 0) = 0,

with 0 < ε� h0. Given that h satisfies the convected wave equation, find the solution
for h(x, t) for t > 0.

(iii) Define the Froude number Fr of the undisturbed flow and sketch the solution for h at

some time τ > 0 in each of the following cases:

(a) Fr < 1, (b) Fr = 1, (c) Fr > 1.
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5. Water flows through an elastic-walled pipe of circular cross-section in which the radius

r(x, t) is related to the pressure p(x, t) by

r = r0 + α(p− p0),

where r0, p0 and α are positive constants. The coordinate x is measured along the pipe

axis.

(i) Starting from the unsteady equations for one-dimensional flow through a vessel of

arbitrary cross-section, and assuming that the fluid motion is parallel to the pipe axis

for all x and t, show that the governing equations for the fluid motion are

∂

∂t
(r2) +

∂

∂x
(r2u) = 0,

∂u

∂t
+ u
∂u

∂x
= −

1

ρ0α

∂r

∂x
,

where u(x, t) is the fluid velocity and ρ0 is the constant density.

(ii) Suppose that the flow is perturbed slightly from its rest state where u = 0 and r = r0.

Show that the velocity perturbation ũ(x, t) satisfies the wave equation

∂2ũ

∂t2
= c20
∂2ũ

∂x2
,

with c20 = r0/2ρ0α, and find the corresponding equation for r̃, the perturbation to

r = r0.

(iii) Guided by the result of part (ii), or otherwise, define a suitable nonlinear wavespeed

c(r), and show that the nonlinear equations derived in part (i) can be rewritten in the

form
(
∂

∂t
+ (u+ c)

∂

∂x

)

(u+ 4c) = 0,

(
∂

∂t
+ (u− c)

∂

∂x

)

(u− 4c) = 0.

Deduce that u + 4c and u − 4c are constant along characteristic curves, and write
down the differential equations for these curves.
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