4
Series 
4.1 Definitions
The following series converges 
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Convergence of the sequence 
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Definition:
A series is Cauchy if 
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A Cauchy series converges.

Definition:
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4.2 Test For Convergence

Theorem:
If 
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Proof:

If convergent it is Cauchy



Set n = m, in definition of Cauchy series 
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But 
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e.g.
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This isn’t absolutely convergent as both terms diverge, but can be shown via induction.
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Theorem (Comparison Test)

If 
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Proof
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D’Alembert Ratio Test

For a series 
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Cauchy’s Root Test

For 
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Limit does not exist as n goes to infinity therefore test fails.

Root Test
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Converges for 
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4.3 Conditional Convergence
Series:
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Theorem: Alternating Series Test
Consider 
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This series will converge if an is monotone decreasing and if 
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S2n is monotone increasing as 
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S2n is monotone and bounded therefore convergent.

Finally 
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Converges for 
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However, by grouping the series differently:
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It can be seen that this is possible as it’s the difference of 2 divergent sequences 
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4.4 Series And Integrals
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Theorem If f(x)>0 and monotone decreasing, then:
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Proof 

(i)
Suppose 
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thus monotone increasing


                  A                B
f(n+1)

f(n)             D               C


                n-1               n

Define 
[image: image94.wmf]AB

a

as area under AB

Then

[image: image95.wmf](

)

(

)

(

)

(

)

(

)

ò

å

ò

ò

¥

=

-

Þ

£

£

=

<

<

1

2

1

1

Convergent

dx

x

f

RHS

dx

x

f

n

f

c

dx

x

f

n

f

a

a

k

n

k

k

n

n

AC

DC


So ck is bounded from above and it is also monotone increasing, therefore convergent.
So 
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(ii) Assume 
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Series converges as k goes to infinity
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Converges for p > 1

4.5 Power Series
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as n goes to infinity
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Theorem
For any series 
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