1
Set Theory
1.1 Definitions

A set is a collection of objects:

e.g.  1, 2, 3

this is noted 
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 denotes that x is in the set S
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denotes that x is not in the set S

The set of natural numbers is below and it is infinite in size.
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If the set is finite we can define its size or cardinality by 
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 the number of elements in S.

e.g. 
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Another useful set is Z the set of all integers
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Often sets are defined by some properties:
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        Property     Where x is another set.

i.e. 
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If    
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    then A is a subset of B 
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       this includes A = B
                   A inside B, A is a subset of B

If A is a subset of B, but A contains at least one other element that is not in the set B, then A is a proper subset of B 
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e.g. 
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is an order relation

If 
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then A = B
This is definition of equality

If 
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 and 
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Yet any two numbers can either be written as x < y   or   y < x.
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is a partial ordering.

Membership defines the set.
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1.2 Operations On A Set

Union 
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Intersection 
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Difference 
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Commutative laws
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Associative laws


[image: image30.wmf](

)

(

)

(

)

C

A

B

A

C

B

A

Ç

È

Ç

=

È

Ç


Proof can either be done graphically (Venn Diagrams or algebraically)



If 
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Similarly 
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Geometric proof below, algebraic proof in class-work.

We can define
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We can define the compliant of A as
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A inside A’
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If 
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Proof
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Where 
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is the empty set.
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De Morgans Law

1. 
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2. 
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Proof of 1 algebraically and geometrically 
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Size Of Set
If 

[image: image46.wmf]{

}

n

A

a

a

a

A

n

=

=

,...,

,

2

1


Theorem 
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Proof
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Similarly
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e.g.

In a class of 30

19 do maths A

17 do music B

10 do both C

How many do neither?
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Cartesian Product
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Where (a,b) is an ordered pair

e.g. 
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1.3 Russell Paradox

Try and order the adjectives:

Terse , small, difficult, pentasyllabic, green

Terms that describe themselves
Terms that do not describe themselves


Terse




Green


Pentasyllabic



Small







Difficult

But non-self-descriptive cannot be placed.

Another examples is


[image: image56.wmf]{

x

S

=

 x is a 
[image: image57.wmf]}

set

  The set of all sets

So S contains itself.

Another set that contains itself is the Set
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 Either a set contains itself or it does not.
T = Set of all set that do not contain themselves.

This set cannot be classified into either set, we can avoid paradoxes by defining properties.
1.4 Function On Sets

Definition of a function, we need to specify

1) Set of points where x lives, the domain D of f.

2) Set of points where y=f(x) lives, the target T of f (the codomain)

3) A function is a unique rule which 
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e.g. 
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 1 if x has a 7 in its decimal representation, 0 elsewhere.
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                        x        A set can make many to one but never one to many.

            D                         T

If all points in domain are mapped into a subset of the target, it is mapped into an image of f im(f).
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                        x        A set can make many to one but never one to many.


            D                         T
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Generally 
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If im(f) = T, we say f is Subjective or Onto (Many to one, but all T as been mapped)
i.e. Every member of T has an associated D.

Every 
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such that y =f(x)
See diagram
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e.g. f(x) = sin x
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Definition:
If each lies on most one arrow f is Injective (or one-to-one with spare points in T)
Note there may be 
[image: image72.wmf]T

y

Î

not reachable from D via f

See diagram
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e.g.

1  2  3  4  5  6  7  8


f(x) = 2x



f: N
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   Map is injective not subjective, points missed out

_______________

1..2  3  4  5  6  7  8

e.g.

1  2  3  4  5  6  7  8


f: N
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f(1) = 1




f(x) = x -1, elsewhere


Map is subjective not injective, 1 is mapped twice.
_______________

1  2  3  4  5  6  7  8

When is a function invertible?
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If f is subjective and injective its bijective or invertible x = f-1(y) exists.
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Diagram

f(x) = x2
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Bijective

[image: image82.wmf]Â

®

Â

+

0


Injective


[image: image83.wmf]+

Â

®

Â

0


Subjective

If 
[image: image84.wmf]T

D

>

 there must be a 2.1 somewhere.

Pigeon Hole Principle
If we put (n+1) pigeons in n holes there must be a hole with at least 3 pigeons.
e.g.
Given 6 numbers n1, n2, …, n6

Then (there exists) 
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a pair of numbers where the difference is divisible my 5.

Proof
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We have 6x, with 5 possible Fi hence 2 when divided by 5 must have the same remainder. Hence theorem is true. 
Functional Composition

A

B

C

           f                        g 


 x                     f(x)                  g(f(x)) 

g(f(x) = 
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Clearly Domain (g) 
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 Target (f)

e.g.
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Theorem
If f and g are subjective, injective, bijective so is 
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 (Classwork)

Inverses
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3 Functions
A

B

C                       D

           f                        g                        h
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RHS
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