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1. (i) Find the unique solution y(x) of

d2y

dx2
= −x

(
dy

dx

)2

satisfying y (0) = 0 and
dy

dx
(1) = 1 .

(ii) Show that the differential equation

(
3y2 + 3x

) dy
dx
+ (3y − 2x) = 0

is exact. Solve this equation.

(iii) For the function φ(x , y , z) = −x2 + y3 + 3xy − z2 find u = gradφ ≡ ∇φ and use
it to find a unit vector which is in the direction of greatest increase of φ at the point

r = (−1 , 1 , 1) .

What is divu ≡ ∇ ∙ u ?

(iv) Evaluate the double integral I =
∫ ∫
R
ye−xdxdy , where R is the triangular region

bounded by the x-axis, the vertical line x = 1 and the line y = x .

(v) Find the position of the centre of mass of a uniform thin wire in the form of a semi-circular

arc of radius a .

2. (i) Find the general solution x(t) for the differential equation

d2x

dt2
+ 7
dx

dt
+ 12 x = 0 .

(ii) Find the solution x(t) for the differential equation

d2x

dt2
+ 7
dx

dt
+ 12 x = e4t − 2e−3t

for which x(0) =
1

56
and
dx

dt
(0) =

1

14
.

(iii) By writing y =
dx

dt
show that the differential equation in (i) above can be written in the

form of a system
d

dt

(
x

y

)

=M

(
x

y

)

with M a constant matrix. Solve this system and sketch typical trajectories in the (x , y)

phase plane.
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3. (i) Consider the sum

S(n) = 1 + 33 + 53 + ∙ ∙ ∙+ (2n− 1)3

What first order difference equation does S(n) satisfy?

Solve the difference equation to find an expression for S(n) .

(ii) Find the general solution of

U(n+ 2)− 3U(n+ 1)− 4U(n)

= 5(3)n − (4)n .

4.

(i) Using the change of variables from Cartesians (x , y) to plane polars (r , θ) ,

show that (
∂u

∂x

)2
+

(
∂u

∂y

)2
=

(
∂ū

∂r

)2
+
1

r2

(
∂ū

∂θ

)2

where u(x , y) ≡ ū (r , θ) .

(ii) Laplace’s equation in plane polars takes the form

∂2ū

∂r2
+
1

r

∂ū

∂r
+
1

r2
∂2ū

∂θ2
= 0 .

Show that there are solutions of this equation of the form f(r) cos θ , where f(r) has a specific

form [to be found].

Choose arbitrary constants suitably in order to find ū (r , θ) which satisfies Laplace’s equation,

and is such that:

ū→ Ur cos θ as r →∞
∂ū

∂r
= 0 on the circle r = a .

(iii) Show that the origin (0 , 0) is a stationary point of the function

f(x , y) = xy(3x+ 2y − 1)

and determine its character.
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