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1. (a) Given three points on the circumference of a circle, explain how to construct the centre
of the circle using only ruler and compass. (3 or 4 sentences will suffice.)

(b) Let a = (ay,as), b = (by,bz) € R Find the equation of the perpendicular bisector of
the line ab. (Justify your answer.)

(c) Let(a1,a2), (as,as), (as,as) € R? be non-collinear points whose coordinates are rational
numbers, that is, foreachi =1,...,6 we can write a; = % where m and n are integers,
and n # 0. Prove that the centre of the circle passing through (a1, as), (as,a4), (a5, ag)
is a point with rational coordinates. (You are not asked to find these coordinates
explicitly.)

(d) Find the equation of the circle passing though the points (1,1), (3, —1), (0,v/3 — 1).

2. (a) Define the determinant of a 3 x 3-matrix.

1 _2 _2
3 3 "3
(b) Find the inverse of the matrix | —2 2 —2 | using any method you like.
2 2 1
3 3 3
(c) For all A € R solve the system of equations
)\1’1 + 29 + X3
1+ ATy + 23 =
T+ T2+ /\$3

3. (a) Reduce the conic —11z% + 24z x5 — 422 = 20 to the standard form by rotation, and
hence determine its type. (You can use any method you like.)

(b)  Give a definition of an ellipse in terms of its focus, directrix and eccentricity.

(c) Find the two foci of the ellipse 227 + 322 = 5. (Proof is not required, just quote the
results that you use.)
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4. (a) Give a definition of an eigenvalue and an eigenvector.

(b) Prove that any symmetric 2 x 2-matrix has two orthogonal eigenvectors.

010
(c) Find all 3 x 3-matrices A such that AB = BA, where B=| 0 0 1
0 00

5. (a) Define the vector product a x b of two vectors a, b € R?.

(b) State and prove the theorem expressing the area of the parallelogram whose sides are
vectors a, b € R? in terms of a x b.

(c) Find an equation of the plane passing through the points (1,1, 1), (2,3,-1), (3,—1,—1).
(You can use any method you like.)

(d) Find the perpendicular distance from the point (0,0,0) to the plane in part (c).
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