BSc and MSci EXAMINATIONS (MATHEMATICS)
January 2006

M1F (Test)

Foundations of Analysis

e Write your name, College ID, Personal Tutor, and the question number
prominently on the front of each answer book.

Write answers to each question in a separate answer book.

Credit will be given for all questions attempted, but extra credit will be given for complete

or nearly complete answers.

The question in Section A will be worth 1% times as many marks as either question in
Section B.

Calculators may not be used.
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SECTION A
1. (1) Say whether the following statements are true or false:
(i) fA={zxeR|z°>0}and B={z€R|16— 2> 0} then
ANB={zeR|0<z <4}

(i) Let A, B, C and D be statements about real numbers such that A= B, D = C
and C' = B. If Ais true then D must be true.

(i) If w=e™/3 then w + w* = 0.

(iv) If a,b,c € N and c divides a?b?, then ¢* divides a?b%.

(v) The function f : N — Z defined by f(n) =1 —n?is 1-to-1 (injective).
(vi) The following is an equivalence relation on C

zvw = |z| — |w| € Z.

(1) (i) Let E be the number of edges of a polyhedron with 6 vertices and 8 faces. Let
V' be the number of vertices of a cube. Which of the following is true?

(@) E>V (b)) E<V (¢) E=V (d)can't tell
(i) If n € Nis even then v/2 —n - 4142 is rational
(a) always (b) sometimes  (c) never
(i) Let 2 = 2%/251/24=1/4,/10. Which of the following is true:
(a) <10 (b) 2*€Q () ZEN  (d) 2 > 10z + 2

(iv) The binomial theorem states that (1 — z)" is equal to

n n

@ (e 0 () 0 X (") 0 X (3)

k=0 k=0 k=0
(v) How many complex numbers z = = + iy with = < 0 satisfy 2% = 16
(@) 6 (b) 2 (¢) 3 (d)1 (e) infinitely many
(vi)  Which of the following statements is true for the set
S={z|zeR, 2z > 2%}

(a) LUB(S) exists but GLB(.S) does not.
(b) GLB(S) exists but LUB(S) does not.
(c) Neither LUB(SS) nor GLB(S) exists.
(d) Both LUB(S) and GLB(S) exist.

(vii) Let A and B be finite sets with |[A| = 5 and |B| = 10. How many surjective
(onto) maps B — A are there

(a) 5®> (b) 5 (c) 10 (d) some other positive number (&) none
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SECTION B

2. (a) State the principle of induction.

(b) Prove that for n > 2,
TP I AT D PR
4 9 16 n? 2n

(c) Let uq, ug, us... be the sequence defined by

ur =3, us =5 and wu, = 3u,_1 — 2u,_o forn > 3.

Guess a simple formula for u,, — 1.
Use (strong) induction to prove that your formula is correct.

3. (a) Fix m € N. Define what a = b mod m means for a,b € Z.
(b) Prove a ~b <= a=0bmod m is an equivalence relation on Z.

(c) Prove there do not exist positive integers n and r such that n? = r? +2 mod 4. (You
may assume basic properties of modular arithmetic without proof.)

(d) Find integers A, i such that 16\ + 334u = 10.

(e) Use the fact that 1001 = 13 x 77 to work out the remainder when 4003005008 is
divided by 13.
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