1.

{(a) The position r of a point moving in a plane, is described by plane polar coordinates
(r,8).

Show that the velocity v and acceleration a are given by

v =rte +rie,
a = (F—7r8%)e 4 (270 + ré) e,

Where e, and e, are unit vectors

e, = cosfdi+ sinbj

e, = —sinfli + cosfj

(b) A small bead of mass m slides inside a smooth straight tube of length 21 which rotates
in a horizontal plane with constant angular velocity w about a vertical axis through
the origin O at one end.

If the bead is released from left at £ = 0, r = [ show that the bead leaves the tube

after a time t,, given by

1
t, = —cosh™* 2.
w

Find the velocity of the bead at time ¢, and its speed.
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2.

(a)

A particle of mass 7 moves along the z-axis under a conservative force for which the
potential is V(z). If z, is a position of stable equilibrium for which V7 (z,) > 0,
show that the period T' of small oscillations about =, is given by

" 172
T = 2.‘ S — 5
" [v)

If V{z) = 2E2_ where k is a positive constant, sketch the potential and determine
(z2+1)

the nature of the positions of equilibrium.

Show that the period 7' of small oscillations for the stable position is 27 (27?52\,6) "

If the particle is projected from its stable position with speed I/ in the z direction,

1/2 _\ 1/2
show that it will oscillate if and only if — (3}2—”@) < U < (Bks—"ﬁ) :

Find U such that the particle will
(i}. Escape to —oo, (if). Escape to +00.
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3. A particle of mass m travelling along the z-axis satisfies the equation of motion

. : 5 F,
E+pE+w,”z=— cos(wt)
(i)

corresponding to a damped, driven oscillator.

[p, w,, F,, w are positive constants.

(a) Show that the steady-state (forced) solution is

F,
z(t) = - —5 cos(wt + @)
m [(w? — w2)? + p*w?] /

and determine the phase @,

(b) ¥ p, w,, F, are kept constant, show that the forced solution (above) has largest

2

1/2 2
amplitude when w = (woz — %) in the case w,? > L

. 2
For what w is the amplitude largest when w,* < &7

(c) In the case of no damping (p = 0) and exactly at resonance (w = w,), show that
the solution to the equation of motion is

Fot

z(t) - 2w,m

sin{w, t)

when the particle starts at the origin from rest.
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4. A particle of mass m moves in a central force field F'{r) directed away from the origin O.

(a)

Given that the radial and transverse acceleration components in polar coordinates are
Gpag = 7 — 702 and auons = 70 + 270

respectively, show from the equations of motion that

.@_}_ - #F 1
262 T T NmRzw Nu )

Where u = 1 and £ is the angular momentum of the particle per unit mass.

If the force is repulsive, such that F/(r) = £2t where k is a positive constant, and the
particle is projected from the point r = ¢, & = 0 with radial and transverse velocity
components U/, V respectively, find the orbit and show that the particle approaches
infinity along a direction given by

tan(wd) = (wg)

with w? = (1 + E-g%)

(© 2004 University of London M1AL Page 5 of 6



5. (a) A particle moves on a plane curve with intrinsic coordinates {s,1). Show that the
acceleration at any peint is given by

—~ 32
a=3T+ —n
where the radius of curvature p = % and f,ﬁ are unit vectors tangent and normal
to the curve at (s, ).
(b) A smooth wire in the shape of a parabola
y=a—kxz’ with a, k positive constants,

stands in the vertical plane with the y-axis directed vertically upward.

A small bead of mass m slides on the wire and is released from rest from very near

the highest point.

With what speed does the particle cross the line y = (07

(c) Show that the reaction of the wire on the bead at this point is

_ mg
L+ 4dka)¥®

3/2
[You may quote without proof g = {1 + (%)2J ‘ (%) q
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