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Section A

1. ()

(i)

If the Fourier transform of f(t), — oo <t < oo, is given by
~ w .
fw) = [ feeitar

show that the Fourier transform of f(at) (a > 0) is

IS

f (%) and
that of tf(¢) is i%(w).

If the convolution of two functions f(t) and g(t) is defined by

(Fe) @) = [ 1t-wglw)du,

—00

show that (f * g) (W) = f(w)§(w) .

Find the Fourier transform of te™ %", (a > 0) either by using the
fact that

e 2
/ e du = 7,
—o00

or otherwise.

PLEASE TURN OVER
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(i) The Laplace transform F(p) of a function y(t) is

(i)

pa——
3e) = [ ety
Show that, assuming y(t) behaves suitably at infinity, the Laplace

transform of ¥'(t) = %% is

v (p) = pylp) — y(0).

Hence or otherwise, solve the coupled differential equations

II

+ Y
-z + ¥

|
)

for the functions z(t) and y(t), with initial conditions
z(0) = y(0) = 0.

What is the condition on the functions P(z, y) and Q(z, y) in the
path integral

I = /C(sz + Qdy)

for them to admit a potential? Explain why this leads to I being
independent of the path C.

Do the functions

P(z,y) = ——g— sinz, Q(z,y) = ycosz + 1

admit a potential ?

If so, what is it ?
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4.
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(i) Make a sketch of the region of the £ — y plane over which the integral

1 1 5
I = / d:z:/ ze ¥dy
0 z?

is taken.  Reverse the order of integration, using your sketch as
needed, and hence evaluate the integral.

(ii) Let

o0 2
I = / e dz |
JO

We could also write

00 2
I = / eVdy .
J0

Evaluate I? (and hence I) by considering

I’ = /oo dr /oo e_($2+yz)dy
0 0

and changing to polar coordinates.

(i) Find all the poles, and the residue at each pole, of the function

2z —1

f(z) == m

(ii) Evaluate

/C'1 f(z)dz,

where C; is a counterclockwise-oriented circle of radius 2, centred
on the origin.

(ii1) Same as for (ii), but for a radius of 1/2.

PLEASE TURN OVER
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5. (i) In a binary symmetric channel, where X denotes the digit trans-

mitted and Y denotes the digit reczived, the following transmissions
probabilities hold, with all transmissions independent.

PY=1|X=1) = 09 P(Y=0|X=0) = 09
P(Y =1|X=0) = 0.1 P(Y=0|X=1) 0.1

The probability of a 1 being transmitted is 0.7.
(a) Find the probability that a 0 is received.
(b) If a 0 is received, find the probability that a 0 was transmitted.

(c) If a5 bit string of all zeros is transmitted, what is the probability
that the received string will contain at most one error?

In a study to design an email SPAM filter, the following events are
defined

S:  email is SPAM

A;: email contains the string “cheapest”
Ao:  email contains the string “meds”
As:  email contains the string “credit”

It is found that,

P(A41]8) = 02 P(Az]
P(A;1]|8) = 005 P(A2]

= 0.4 P(As]

) ) = 0.2
) = 0.1 P(43]5)

S
S) = 0.01

S
S

Assume that Aj, A and A3 are independent, both conditional on S
and S.

If P(S) = 0.2, find the probability that the email is SPAM if
(a) A, occurs (= pi, say).

(b) both A; and Az occur (= pz. say).

(c) Aj, A2 and A3 occur (= ps3, 3ay).

(d) Explain why p3 > p2 > p1-
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6. (i) The lifetime, T', of a particular component is normally distributed
with mean 6 years and variancs 0.25 years?.

What is the reliability of the component at 7 years?

(ii) The lifetimes, T4 and T of components of type A and B in hours,
have probability density function

F(t) = AN t>0,
with A = 0.1 and A = 0.5 for components A and B respectively.

(a) Show that f(t) is a valid probability density function.
(b) Determine the reliability functions and hazard rates associated
with T4 and T5.

(c) Determine the reliability of each type of component at 90 min-
utes.

(d) A system is made up of six components, A; and Aj, of type 4
and By, B2, B3 and By, of type B. All components operate
independently and each have lifetimes as described above. The

system functions as long as there a path of functioning compo-
nents between S and T

B,
s Azl T
Bs

Determine the reliability of the system at 90 minutes.

END OF PAPER
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Probabilities for events

For events A, B, and C P(AUB) = P(A)+ P(B)- P(ANB)

More generally P(U A;) = Y P(A) - P(ANA)+ZPANA;NA) -
The odds in favour of A P(A) / P(4)

Conditional probability P(A|B) = —]?—(];4—(;7@ provided that P(B) > 0
Chain rule P(ANBNC) = P(A)P(B|A)P(C|ANB)
Bayes' rule P(A|B) = P(4) P(B| 4) —
—— P(A)P(B|A) + P(A)P(B|A)

A and B are independent if P(B| A) = P(B)

A, B, and C are independent if P(ANBNC) = P(A)P(B)P(C), and
P(ANB) = P(A)P(B), P(BNC) = P(B)P(C), P(CnA) = P(C)P(A)

Probability distribution, expectation and variance

The probability distribution for a discrete random variable X is the complete set of

probabilities {p,} = {P(X = z)}

Expectation FE(X) = p = > zp,

x

Sample mean I

S|

Zrk estimates u from random sample z,z,,...,2,
k

Variance var (X) = E{(X —u)*} = E(X?) — u? where E(X?) =) 2%p,

Sample variance

J

2
{ ; (ij) } estimates o2
o

Standard deviation sd (X) =

If value y is observed with frequency n,
= 2 2
n=) ny, D Tk=)_yny, D T =) y'ny
y k y k v

For function g(z) of z, E{g(X)}=>_g(z)p

— 3 . AN
Skewness f3; = E (X M) is estimated by ———1——1 > (x, :c)
—— n —

g

X — 4
/i) — 3 s estimated by

Kurtosis [, = E(

o n—1



Sample median Z. If the sample values z;, ..., =, areordered z(;) < z2) < -+ < T(w)

T = Tmp,y fnis odd, and Z = ;(z(z) + :E(n_}g)) if n is even.
a-quantile Q(a) is such that P(X < Q(c¢r)) = «

Sample a-quantile Q(a) is the sample value for which the proportion of values < Q(a) is
o (using linear interpolation between values on either side)

The sample median Z estimates the population median Q(0.5).

Probability distribution for a continuous random variable

The cumulative distribution function (cdf) F(z) = P(X<z) = /z f(zo)dzo

The probability density function (pdf) f(z) =

dz
EX) =p = /_:a:f(a:)dx, var (X) = o2 = E(X?) - 4,

where E(X?) = /°° 22 f(z)de

Discrete probability distributions

Discrete Uniform Uniform (n)

1

Pz =~ (z=1,2,...,n) p=1m+1), =50 -1)

Binomial distribution Binomial (n,6)

Dy = (n) *(1-6)"* (z=0,1,2,...,n) p=n8, c2=nf(l-0)

z

Poisson distribution Poisson ()

Aze—k
Pz =

(z=0,1,2,...) (with A>0) p=2X, o2=2X

z!

Geometric distribution Geometric ()

N 1, 1-96
pe = (1-0)*"10 (z=1,2,3,...) h=g 0 =7
Continuous probability distributions
Uniform distribution Uniform (o, §)
1
(a <z <f), p=(a+p)/2,
I@) = f-e

0 (otherwise). o? = (8- a)?/12.



Exponential distribution Ezponential (\)

Ae~ AT (0 <z < 00), p=1/x,
0 (—o0 <z <0). 0% =1/)2.

Normal distribution N (u,c?)

flz) = \/;mf_zexp{—%(f—;—'uY} (o0 < z < 00)
E(X)=p, var(X)=o0?

Standard normal distribution N (0, 1)

If X is N(u,02), then Y = Xk N(0,1)

g

Reliability

For a device in continuous operation with failure time random variable T' having pdf

f) >0

The reliability function at time ¢ R(t) = P(T>t)

The failure rate or hazard function h(t) = f(t)/R(t)

The cumulative hazard H(t) = /Ot h(te)dty, = —In{R(t)}
The Weibull(a, 3) distribution has H(t) = pt°

System reliability

For a system of k devices, which operate independently, let
R; = P(D;) = P("device 7 operates”)

The system reliability, R, is the probability of a path of operating devices

A system of devices in series operates only if every device operates
R=P(DiNnDyN---NDy)=RiRy--- Ry
A system of devices in parallel operates if any device operates

R=P(D;UD;U---UD) =1= (1= R)(1— Ry) -+ (1~ Ry)

Covariance and correlation

The covariance of X and Y cov(X,Y) = E(XY)-{E(X)H{E(Y)}



10.

11

1
From pairs of observations (z1,91), ..., (Tn,¥n) Soy = D zeye — —( > ) (D v5)
k L. j

1 1
Sez = Z:ci - ;(in)2, Sy = Zyﬁ - ;(Zyjf
k J

i k
, 1 ,
Sample covariance Soy = 7 Szy estimates cov (X,Y)
n —_—
- X,Y
Correlation coefficient p = corr(X,Y) Sdc(o;)(_ i ()Y)
, - Szy ,
Sample correlation coefficient r = ——=== estimates p

Sums of random variables

Y SezSyy -

E(X+Y) = E(X)+E(Y)
var(X +Y) = var(X)+var(Y)+2cov(X,Y)

cov(aX +bY, cX+dY) =
If X is N(uy,02), Y is N(ua,

(ac) var (X) + (bd) var (Y) + (ad + bc) cov (X, Y)
02), and cov (X,Y) =c,

then X +Y is N(u + po, 02 + 03 + 2c)

Bias, standard error, mean square error

If t estimates 6 (with random variable T giving t)
Bias of bias(t) = E(T)-#0

Standard error of ¢ se (t) = sd (T)

Mean square error of t MSE(t) = E{(T —0)*} = {se(t)}*+ {bias(t)}

If T estimates p, then bias(T)

=0, se(Z) =0/v/n, MSEZ)=o0?%/n, & (T)=s/v/n

Central limit property if n is fairly large, % is from N(u, o2/n) approximately

Likelihood

The likelihood is the joint probability as a function of the unknown parameter 6.

For a random sample z1, z,, ..

20, z1,20,...,Tn) =

00; z1,Z0,...,Zn) =

"J’.n

P(X;=1z|60) -+ P(X,=z,|0) (discrete distribution)

flzy | 0)f(22]6) - f(za|6) (continuous distribution)

The maximum likelihood estimator (MLE) is @ for which the likelihood is a maximum.




12.

13.

14,

Confidence intervals

If 1,22,...,2, are a random sample from N(u,o?) and o2 is known, then

the 95% confidence interval for yis (3 — 1.96

o

\/7—17

T+ 1.96—=

7n)

If o2 is estimated, then from the Student t table for th—1 we find tg = t,_1 005

The 95% confidence interval for p is (Z — £,

Standard normal table

N

.S
T+ ty—=)
n

Vvn

Values of pdf ¢(y) = f(y) and cdf ®(y) = F(y)

¢y) 2(v)

y oy) ®(y)

vy d(y) o(y)

y  P(y)

399
397
391
.381
.368
.3562
333
312
.290

SRR A S G

5

.540
579
618
655
.691
126
758
788

9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7

266 .816
242 841
218 .864
194 885
171 .903
150 .919
130 .933
11945
094 .955

1.8
1.9
2.0
2.1
2.2
2.3
2.4
2.5
2.6

.079. .964
066 .971
054 .977
044 .982
035 .986
028 .989
022 .992
018 .994
014 .995

2.8 997
3.0 998
0.841 .8
1.282 .9
1.645 .95
1.96 .975
2.326 .99
2.576 .995
3.09 .999

Student t table

Values t,,, of z for which P(|X| > z) = p, when X is t,,

p .10 .05 .02 0.01 p .10 .05 .02 0.01
m 1 631 12.71 31.82 63.66 | m 9 1.83 2.26 2.82 3.25
2 292 430 6.96 9.92 10 1.81 2.23 2.76 3.17
3 235 318 4.54 584 12 1.78 2.18 2.68 3.05
4 213 2.78 3.75 4.60 15 1.75 2.13 2.60 2.95
o 2.02 257 336 4.03 20 1.72  2.09 253 2.85
6 1.94 245 314 3.71 25 1.71 2.06 2.48 2.78
7 1.89 236 3.00 3.50 40 1.68 2.02 2.42 2.70
8 1.86 231 290 3.36 oo 1.645 1.96 2.326 2.576




15.

Chi-squared table

Values x3 , of z for which P(X > x) = p, when X is x} and p = .995, .975, etc

o

995

975 05 025 .01 .005) k£ .995 975 .05 .025 .01 .005

N e I & S S

[ e e
(@) WENNTENEE N S e

000
010
072
207
412
676
990
1.34
73
2.16
307
4.07
5.14

001 3.84 502 663 788 |18 6.26 823 2887 31.53 34.81 37.16
051 599 738 9.21 10.60| 20 7.43 9.59 31.42 34.17 37.57 40.00
216 7.81 0.35 11.34 12.84| 22 864 10.98 33.92 36.78 40.20 42.80
484 949 11.14 13.28 14.86| 24 9.89 1240 36.42 39.36 42.98 45.56
831 11.07 12.83 15.09 16.75| 26 11.16 13.84 38.89 41.92 45.64 48.29
1.24 12.59 14.45 16.81 18.55| 28 12.46 15.31 41.34 44.46 48.28 50.99
1.69 14.07 16.01 18.48 20.28 | 30 13.79 16.79 43.77 46.98 50.89 53.67
2.18 15,51 17.53 20.09 21.95| 40 20.71 24.43 55.76 59.34 63.69 66.77
270 16.92 19.02 21.67 23.59| 50 27.99 32.36 67.50 71.41 76.15 79.49
3.25 13.31 20.48 23.21 25.19| 60 35.53 40.48 79.08 83.30 88.38 91.95
440 21.03 23.34 26.22 28.30| 70 43.28 48.76° 90.53 95.02 100.4 104.2
5.63 23.68 26.12 29.14 31.32| 80 51.17 57.15 101.9 106.6 112.3 116.3
6.91 26.30 28.85 32.00 34.27|100 67.33 74.22 124.3 129.6 135.8 140.2

16.

17

The chi-squared goodness-of-fit test

The frequencies n, are grouped so that the fitted frequency 7, for every group exceeds
about 5.
2 (ny - ﬁy)z H 2 . . age .
X° = Z — is referred to the table of x% with significance point p,
Y Yy
where k is the number of terms summed, less one for each constraint, eg matching total

frequency, and matching T with p.

Joint probability distributions

Discrete distribution {p,,}, where p,, = P{X =z}n{Y =y}).
Let pge=P(X =1z), and pe, =P =y), then
Pze = D Pay, and P(X=:c‘Y==y) — Pay .

Yy

*y




18.

19.

Continuous distribution

Yy

Joint cdf  F(z,y) = PH{X <z}n{Y <y} = /:=_°° /y f(zo,y0) dzo dyg

p=—00
2
Joint pdf flz,y) = %ﬁ;ﬁ
Marginal pdf of X fx(z) = /_oo f(z, yo) dyo
Conditional pdf of X given Y =y fxy(zly) = ]}(_J:(,;;T) (provided fy(y) > 0)
Y

Linear regression

To fit the linear regression model y = o + 8z by 9. = a+ ﬁ:v from observations
(1,%1), .-, (Zn,Yn), the least squarss fit is

a = @—TB, B = Szy/sz

SZ
The residual sum of squares RSS == Syy — Eﬂ
o2 = nRisz , n;Q o2 is from Xz,
2 2 -
var (@) = ESZ o?, var(f) = ‘gm , cov(a,f) = - S‘jx o?
~ ~ B = 1 (z-73)° 2
U =0+ fz, E(§.)=a+ Bz, var (J,) = (=~ o
n Szz
i_Aa ; = , Yo la:f_x are each from t,_,
se (@) se (B) s€ ()

Design matrix for factorial experiments |  With 3 factors each at 2 levels

1 -1 -1 1 -1 1 1 -1
1 1 -1 -1 -1 -1 1
1 -1 1 -1 -1 1 -1 1
X - 1 1 1 1 -1 -1 -1 -1
1 -1 -1 1 1 -1 -1 1
1 1 -1 -1 1 1 -1 -1
1 -1 1 -1 1 -1 1 -1
1 1 1 1 1 1 1
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SOLUTION
2] 5(1of 2

P(Y=0) = P(Y =0]X=0P(X=0)+P(Y =0|X =1)P(X =1)
= 09x%x03+01x0.7=0C.34 '

P(Y=0]|X=0P(X=0) 09x03

- = 0.7941
PY =0) 03z 01

P(X=0|Y=0) =

(¢) Let N = number of digits in error, then N ~ Binomial(5,0.1)
and P(N = n) = (5)(0.1)"(0.9)*™

P(N<1) = P(N=0)+P(N=1)=(09)°+5(0.1)(0.9)* = 0.9185

P(A; | S)P(S) _ P(4: | S)P(S)
P(A)  PlA|SP(S) +P(A | SP(S)
0.2 % 0.2 s
0.2 x 0.2+ 0.05 x 0.8

P(S 1 Al) -

P(A;N A, | S)P(S)
P(A; N A)
P(A1 | S)P(42 | S)P(S)
P(A1N A, | S)P(S) + P(41 N4, | S)P(S)
P(4; | S)P(4: | S)P(S)
P(A:1 | S)P(4; | S)P(S) + P(A1 | S)P(4: | 5)P(5)
0.2 x0.4x0.2

= =0.8
02x04x024+0.05x01x0.8 0

P(S|AiNA) =
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QUESTION

(c)

P

A1 N Az n A3 | S)P(S)
P(A; N Ay N Ajz)
P(A1 | 5)P(4 | S)P(4s | S)P(S)
P(A; N Ay N A3 | S)P(S) + PLA; N A, N As | S)P(S)
P(4; | S)P(A; | S)P(4s | S)P(S)

P(A; | S)P(Az | S)P(43 | S)P(S) + P(A; | S)P(A; | S)P(As | S)P(S)
0.2 % 0.4 % 0.2 % 0.2
02x04%02x025005%0Ix001x08 877

(d) The probabilities increase as we have P(4; | §) > P(4; | S), so as we
include more terms, we introduce more information about whether the
email is SPAM or not.
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SOLUTION
6

T ~ N(,0.25)
6~ N

T—H5 t—6
- P( 05 = 0.5>

= 1-® <f:_6)
0.5

R(7) = 1-&(2)=1-0.977 =0.023.

/oo fit)dt = /0oo Ae M dt = [_e-n]w 1

o 0

Also, f(t) >0 Vt, so f(t) is a valid pdf.

R(t) = P(T>1) = /toof(u)du

/too e M dy = [—e"\“]:o

e—)\t

I

For component A: R4(t) = e 01

For component B: Rp(t) = e™ %%

f(t)
h(t) = 5 = —— = A
For component A: hu(t) = 0.1
For component B: hg(t) = 0.5
when ¢t = 1.5 (90 minutes):

For component A: R4(1.5) = ¢=01%15 .= =015 = 0.8607
For component B: Rp(1.5) = e795%18 .= ¢=075 = 0.4724

Let T = lifetime of system.

-

Let A; = event that component A;, ¢ = 1,2 is functioning at 90 minutes.
B; = event that component B;, 7 = 1,2, 3,4 is functioning at 90 minutes.

R(15) = P(T>15)=PA1NAN((B1NBy)U (B3N By))

= P(A1)P(4,)[P(B1 N By) + P(Bs N By) — P(By N BN B3N By)]
= P(A41)P(42)[P(B,)P(B,) + P(Bs)P(Bs) ~ P(B1)P(B2)P(Bs)P(By)]

—0.756—03’5 +e~0.756—0.75 __ ,—0.75 ~0.75 —0.756—0.75]

— 6—0.158-—0.15[6

e 03(2e71% — ¢73) = 0.2937.
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