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SECTION A [E1.11 2003]

1. (i) Express each of the following complex numbers in the form z + 4y (with z and
y real) :

() 75 ) 435 (9 @-iT.

(ii) Describe what geometrical figure in the complex plane is represented by each
of the following equations:

(8 lz+1l=12=1;  (b) Re(z%) = Re(z) .

(iii) Find all complex solutions of each of the following equations:

(a) sinhz=0; (b) sinhz+4coshz=0.

The three parts carry, respectively, 40% , 35% and 25% of the marks.

2. (i) Evaluate the following limits:

1/2 _

(a) i ET2T-2 ;

z—2 T — 2
(b) }:1_% z sin(tanz) ;

: -9 10 10
(c) Jim z {(a: +3)" —(z+1) } :
(i) Differentiate:

(a) In {w+ (1+m2)1/2} ;
(b) (sinz)® .

The two parts carry, respectively, 55% and 4{5% of the marks.

PLEASE TURN OVER



3.

[E1.11 2003]

(i) Decide whether each of the following series is convergent or divergent:

= 2 n+1 2 (—=1)"e™
@ X% ® Ty © >

(ii) Find the radius of convergence of each of the following power series:

@ Yot () >
5 5 2n—|—1

(iii) Using the Maclaurin series of In(1 + z) and In(1 — ) (or otherwise), find the
Maclaurin series of the function

( 1+a:)
In .
1—=x

The three parts carry, respectively, 45%, 35% and 20% of the marks.

4. Evaluate the following integrals:

0 [ e

.. rdx
(i) |
z2dz
(iii) / ———-(1 — 2 ;
(iv) 2z dx

(x4 1)(z2+1)

The four parts carry, respectively, 15%, 20%, 25% and 40% of the marks.

PLEASE TURN OVER



[E1.11 2003]

5. Find the general solution of each of the following differential equations:

. dy
(i) i (1+2)(1+97);
d
(i1) Zl% + ¥ = sinz ;
X
1l "% — 3y = €.
Yy Y Y

(iv) Find the solution of the equation in part (iii) that satisfies the initial conditions
y(0) =4'(0) = 0.

The four parts carry, respectively, 25%, 25%, 35% and 15% of the marks.

PLEASE TURN OVER



[E1.11 2003]

SECTION B

-10 9
6. Let A = (—18 17).

(i) Find the eigenvalues and eigenvectors of A.
(ii) Find an invertible 2 x 2 matrix P such that P"* AP is a diagonal matrix.

(iii) Find a 2 x 2 matrix B such that B® = A.

The three parts carry, respectively, 35%, 25% and 40% of the marks.

7. Let f(z, y) = (z +y)(=® +y* - 2).

(i) Find the stationary points of f(z, y) and determine their nature.
(ii) Sketch the contour f(z, y) = 0.

(iii) Sketch some further contours of f(z, y).

The three parts carry, respectively, 76%, 10% and 15% of the marks.

PLEASE TURN OVER



. Define f(z) in the interval 0 < z < 7 by

. T
m if O<w<§,

0 if

(AR

<z<mw.

Find

(a) a Fourier cosine series for f(z);

(b) a Fourier sine series for f(z).

[E1.11 2002]

Sketch the graph of f(z) in the range —7 < x < 7 in each case.

Deduce that

. The Heaviside step function H,(t) is defined by

1 if t>a,
Ha(t) = {0 if t<a.

Sketch the graph of the function Hy(t) — Hi(t) and find its Laplace transform.

Use the method of Laplace transforms to solve the differential equation

d?y dy

+ 2— + y = Ho(t) — Hi(t) (t=0),

dt? dt
given y(0) = ¢/(0) = 0.

[You may use the shift rule: L(Ha(t)f(t - a)) =e *L(f)] .

END OF PAPER
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7. LAPLACE TRANSFORMS
5. INTEGRAL CALCULUS

(a) An important substitution: tan(6/2) = ¢ : Function Transform Function Translorm
sind=20/(14 %), cos@=(1-03)/(1+2), df=2dt/(1+1?). 1) Fls) = [ e " St} af(8) + ba(t) aF(s) + 4G (s)
(b) Some indefinite integrals: a1t oFls) = 110 afja AR - S1(0) - (0
\?n - H.Jl.\n&u =sin~! Amv v 17| <a. e) F(s - ) 0 ~dF(s)/ds
2 (8/8a)(t, @) (8/9a)F (s, 0) fo Syt F(s)/s
- Y £ z x?
J ey i (2) =34 (14 5) ) fiIal- v FLGE)
1 1/s t"(n=1,2...) n!/s" (s> 0)
z z z? 1 . 2, 2
\?» —a?)~"%4z = cosh™? Amv =In -+ Pl 1 . ! 1/(s—a), (s> a) sinwt w/{s? +w?), (s> 0)
coswt s/(s?+wh), (s>0) N({t-T)= n—v“ ” M M.. e T/s, (s, T>0)
\?.. +1) " ldr = AWV tan™! A.M.v .
8. FOURIER SERIES
6. NUMERICAL METHODS I f(z) is periodic of period 2L, then f(z +2L) = f(z), and
{a) Approximate solution of an algebraic equation:
nrz nrx
If a root of f(z) = 0 occurs near z = a, take 2o = a and [{z) = |=o + M“ p COS —= + MU bnsin —— A where

Tapt =2 = [f(zn) /[ (2a)], n=0,1,2...
(Newton Raphson method).: v b nrz |
{b) Formmulae for numnerical integration: Write 1, = 29 + nh, y, =y (z.) . = N.\. Jiz) cos ..IIE.. O bR A

i. Trapezium rule (1-strip): [} y(z)dz = (h/2) [vo+ w1) .

ii. Simpson's rule (2-strip): [;* y(z)dz = (h/3) [yo + 1) + va] . b “ \ f(z)sin H&h. n=123....
{c) Richardson's extrapolation method: Let I = h. J(z)dz and let I, I be two
estimates of [ obtained by using Simpson’s rule with intervals h and A/2. Parseval’s theorem
a? oo
Then, provided h is small enough, . \ [f(x)} dz = m,._ MU Aaw. + ow.v .

i+ (hh - 1)/15,

is a better estimate of [.



