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The Questions

1. Multi-rate signal processing

(a) Consider the following system:

Bl e

2

1 2

A2

3

H(z) 7,

Figure 1: Multi-rate system.

Give the z-transform and Fourier transform of the signal at locations
1-4. Make the corresponding graphs of the Fourier transform assuming
that H(z) is an ideal half-band lowpass filter and that X(z) has the
following spectrum:

[6]

Figure 2: Spectrum of z{k].

A transmultiplexer is the dual of a subband coder. Two signals are

multiplexed and sent over a high bandwidth channel. A perfect re-
construction (PR) multiplexer cancels crosstalk and reconstruct the

signals exactly.
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Figure 3: The Transmultiplexer.
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i. Give the input/output relations in the z-transform domain. What
are the conditions on the filters that guarantee that the trans-

multiplexer is PR?
[7]

ii. Suppose that you have a power complementary filter Go(2) (i.e.,
go[n] is such that (go[n}, go[n — 2k]) = dx). How can you use it to
get a PR trasmultiplexer? Specify all four filters in terms of this

prototype.
[7]
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2. Spectral factorization method for two-channel filter banks. Consider the

Analysis Synthesis

Yo
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Figure 4: Two-channel filter bank.

xin]

factorization of P(z) in order to obtain orthogonal or biorthogonal filter
banks.
(a) Take
23 z73
P2)=(=+14+—7)
(=G +1+5)

Compute a linear phase factorization of P(z). In particular, assume
that Hy(z) = (z — 1+ 2z~1). Given this choice of Hy(2), give the other
filters of this biorthogonal filter bank.

[10]

(b) Now build an orthogonal filter bank based on this P(z). (Hint: Re-
member that, if 2 is a root of P(z) so is 1/z, 2} and 1/z).

[10]
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3. Consider the linear B-Spline given by

1-|z|, |z <1

0, otherwise.

(a) Show that o(z) is a valid scaling function. That is, show that
i. it satisfies the two scale equation ¢(z/2) = 1/(2) Xnez 9lnlp(z —

n),
[5]

[5]

iii. it satisfies the Riesz basis criterion 0 < 4 < Y, 5 |®(w+2nk)|? <
B < o0.

[5]

(b) Now consider the derivative of ¢(z). Show that the derivative of ¢(z)
is not a valid scaling function. (Hint: it is enough to show that at
least one of the above criteria is not satisfied).

ii. it satisfies the partition of unity }_ ., ¢(z ~n) =1,

5]
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4. Consider the wavelet series expansion of continuous-time signals with the
Haar wavelet ¥(t).

(a) Give the expansion coefficients

dm,n = <¢m,n7 f)

for f(t) = 1,t € [0,1], and 0 otherwise (that is, f (t) is the Haar scaling
function).

(5]
(b) Verify that 3., 32, [(Yma NI = 1F (I
[5]

(¢) Now consider g(t) = f(t —27*) where ¢ is a positive integer. Give the
range of scale over which expansion coefficients dpn = (Ymmn,g) are
different from zero.

[5]

(d) Assume now that f(t) = 1t € [0,2] and 0 otherwise. Can f(t) be
considered a valid scaling function?

[5]
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