OYSTEM  IDENTIF|—
CATION | Exam of May
2003, 5OhJLJE£onS

J
Ques'téon 1 (3) A state Space realization o;

P :E,=—7l_-x+—'-u, w=cx ., Tlru:_c,, {D.ée,tker
MH\ ﬂ'\e A/D and D/A LLocLS, g,ives 'H'\e,v E)U:\ct
ol.iScfel’ZZ“Lio'\ oS. 'H'\e r)(owul“, described [)j

- =h/T
T — €

<+ (e Alpy ¢ d)

~h -h/
e /T x, + (4— (A T)(Pk +d>, yk = ka,
Wl\l.rlﬂ, ‘\as ﬂr\e ‘érans ?f)» ﬁtﬂ.ﬁtfeﬂ

Piey= c(= - M) (o b
Denokng a= e—h/T and b = c (4~€—h/T); We;

oblain Pd(z,)'—'- L/(z-—a.). This is  stable %r IQ-I<J-,
L.e., }Of oll T>0.

Il

<b> SCnce C s known and stable, we can Compuie

Pk= Co ('l"}k) T CA (rk-q—yk—l> -.. * Cg (rk_g —yL-g)‘

jg:g j:érsi nin)e values Pi> <Py may be affecled “’j
e wn known ini\l{a.a taf h oller

wards the inileal < ’ Aai :o} gf o Confoller, “f‘a"

have 2000 measurements, the effect
srwb; ef the Con‘-r‘ouer '\Jvea be Smo\w.

:b('gk_‘ +d>+ ey Wwe get,

ence . Oince we
o} the inckal

. TFrom YooY,
wi 2 =[a b baLJ)

%= [ Y% P, L]0 + ey -
_4—-—-



(C) Denot(na ka = [31(4 Pk-l i] ond.

P - B] =399,

the vector © which winimizes [lell®=|e,|*
2 . A
+ lez.lz—"+ Ie’ZooO‘ S given L_‘j 0= Cbﬂ:g , where

A

y:['gq Yy -e- yzm]T, B s an un bigsed esli-
mate 6?6, ;5 Efe,)=0.

((1) The Aw\r\ite notse rr will lead 1o the swallest
Cov 9, because it SuLJCCi'S the p(mxt to a
wide range af Erewaes. The rossi bikilces ()
and (ii,) test the Sjst’am ol one Wurj amg.
(we remark that (i) will work beler than (i), ie.,
il feod to  smaller Cov'g, becawre a Stnusotdal
5[2“4& has both am'JiLu.uLe. ond pl\n.sQ in?o\mo.l{ov\,
WW o Ccmstmv" kAS ovx9 an Amrﬂi‘-u.ol&, Moreover)
5or conshank  , we cannct A(SI'i'\a,ujS"\ bebween the

effed o r and the effect f d). For Vare, ,
the r;ic‘l:ure, s very A{fgﬂent: we. expe,d: o
be smallest for constant 1 . Indeed o conshant
r“ since the whole eeaa“aao‘c SJSQM is S“ALLQ)
all szawqfn will converge to conslanh . Thew the
ear«u);‘on yk:cjoké"ek can be SoJ'z‘Sft‘eol with a

( >5urkahle chotce Dfe such that praclu‘mi{?y e, =0.

€ -

Play= 22— =ba'(1+ad' + %82+ ,.,),

A — az
Pd(z)% bi'+ baz?+ba*Z> ... + bad 210

where 2z &M, boc(-eMT). 5



Question 2. (3.) The Sactor z™ represents a
Ae\,aj bj m Samplina pe.riocls y So that ‘H\e im{.uese
re_sronse OS H\e model GA (s Zero Sor k=0,4,...'m-1.

TLWA) ’mh skoueal Le a()proximateg 'H\e, ‘{‘;Cme w‘\ev\
ﬂ\e second Lq% sf:arts to Move <'m ’M/(OO),

(E) The structure 0§ C-EraL CmpVes
yk T Yk T 9, k-2 = bo “Uom +l°4 “k-m—1 +L2“k-m-z+ek
ek are the a'u.a}ion errors due to ﬂte im—
{Effec{'ion O} the modef. For k= 1,2,... m=1 the

ecymlion is irrelavant (Loﬂz sides shoubd be zem),

Deno\l—ing 9::[0,4 az Lo fo4 L:,_]T, we rewm‘l?_
the eq«cwj"'ons as

wLe re

I :L[“yk—. “Hhz Weem Wy, uk-m-z_]e e
J/

Sor k= m m+,... 300, c}i
Dencking [y, | [ Fm | (e, |
U el ORS Ricdl RS
| J300 _ _Cf;oo. | | €300 |

and assuming that (b*q) is invertible, the vector
6 which minimizes llel= JenPr ... [es [P
é = (¢*¢5'¢*j . —n\e C,or're.Sr)anALna orf\?ima& e is
given by e= Y- b5 = [I— 0R0)) 'Cb*]g :

(C> _n\e_ Lest Mm (s 'H\e, one Wl'l-(d\ M W 2eS 'H\e_
Correspon&ﬂa, “6”2 EVe,n LeHEr‘) we S‘\oueol take t‘nto

acc.oamt o»QAB' ek— 5or k sughtg ,Q,ess Hnau M , Since
5or‘ such k, g‘k may a,lrea%y be nonzers-, ._3._

‘S 3c‘ven "3_‘1



Thay, we Moy Aﬁ@iw /e\k.—_ Y, - c{;kﬁ N}
k=4,2,--—3°0 ond then cl’!oose m get whech
\é\A\1+ lé\z_\2~~+ ‘/e\goo\z (s minimal (t‘eaam that
@o\ep@w&s on ’)'VL) We '\.ﬁﬁa ka\/e 34:32:.”?30:0
N Prac‘«‘ce, LCCW % ‘H\¢ &wif& r)ro,,a%gl-fon
SPC,CA 4 t"\& waves ,

(c{,) \I\/e should take T = mh ’ because the
S'uc,JCor e > rapresents a o\eLoj bj . The
%otor 60 c,ou.Qol Le, e,stt'ma:t-et.. ‘oj ‘Hr\e Tuslin,

on V\MJ:CO ub _t"itu.lin L. I — hs/2
‘l'r 5?0’\ N Suwos 3 a 4 - ks/z

Ento bo +|94¢Z'+b‘2£2'

d
G, (=)= N

, =4 gt
) +oz +a,2Z

(e) One V\m»j WOoLQc\ \:e 'tp use ave,raaav\é);‘.e.

i = (y + §.)/2
and then use y?:e inslead qj) gk in the
w\non ia\emL‘g{w/‘—v‘on Pnoce:sS. Ig the measure—

ments are @W Ej no tSe 5 tken averaging
wouQA reduce t"be SJCcmalaml &Vfal-iou\ qP ﬂ\e,
measwrtmeu} Noice A/VZ times.

Ano-H\ex rossiLiQ[E is {:o consider Laﬂ\ Sets
o equkens Y= qlte , YERHOHE,
k= m,m+t1, .. 300, where

Cﬂt: [—yk-l “gk—z uk—m u/(-'m.—4 uk—m—l]
So ‘H\a{i we l\ave 2(300—-m+4> e,qua‘-ionsf __[1____

D



Q\Aestion 3. @) () = [5_ +P® C(s)]-i
s2+ (Joow

[s2+QOO1c)"].[&+k4P(s)] + kZP(s)s |

‘g d=0 and r‘(t):Rcagwi‘, then &r far%ei'
we have Z(\‘:)R",ZCOGC&)t-fTw)., where

Z =S| R, G, = arg S ().
For 50Hz we hove w= 00w, so that ‘.'J(
kZP(MOOTC)#O then 5(7—60):0. ln this por-
tiewlar case ZA)—0, which is called asymp-
totic trackéng .

—
tmm——

<b> _ﬂ\e iAeh'l:ig\‘Ca’CEon experiments could be
on\.e Separateqj %r a V\um‘oer og A«ggej‘e,nt &-
quercies W, as Sou.ows (mktna 0L=0>;

(S s sta.u-c)

cos wt=p 4
Sig - = S
““2 - ‘ —> S — C
gene- . t ) N
St
rod:or N w > S > SN
Denoﬁ T= 2—@‘ We ™
K to'rNTw ’ compute o large t,>0
C, = wl — NT
N ) ) waldt = A e, ZT,

o
t,tNT
NT

Sy = S& 2(f) sinat dt = A sin Py o

0

From L\ere, We can Cow\pute A(o amal quﬁ o\nolw

hence  S(iw)= A, e'fw | —5—



Ohce, we have estimated S(iw), we can obkin
Sy = L -t
P(iw) = C (o (5 (iw) - i> ,

This S—ormu&z will fead to Qarge, errors if C (iw)
'S Very swmall <in which case 5(£w>31>, e,y a small
relative ecror (g estimqﬁné, S (iw) will be am{\fx‘g“wl
ond become o Qa»rae relabive ercor in the eskimeale
o§ P (iw). IS Clw) is very large, then the Stgvmﬁ
< awill be Ve{j SM‘\u) ano\ H\&s wp@, iNereose the
QCLEQ“‘OOA gf erfors Corm{)'[;cné H\e W\e,o.SuLV“e,W\Qnt Bﬁ
S(Cw). To aveid these Prbbl&ms) we can choose
h:i ond LzzO ('f:kese velues are s"?ah&‘ﬁna).

() Dencte w=T]. 2 is ohiined by passing the
S{:a\lt\onqrj Su‘gv\oﬂ, w 'H\roug"t Qa Staue LTI SJSEW\

’w't‘liln {?\'vmsga ngxd:l‘on G’-‘—[S -PSJ, hence 2 is
s't:od:tonar:j. Since E(w)=0, we ‘\ave E(Z>:O

We have \/ar(.z) = C_.zz (o) = _—2'—({ Sm S,, (iw) dw.
Ozz o be.  cblasned Srom the matrix version
o§ the Wiener-Lee S"”““*ea : Szz: é— Sww GT,

where Sw = Sr" % the zeros ¢n Sww appear
W O SdaL LQGMSQ r‘,ol are Cnolepencl- .

A
(d) From Z(w)= S (w)Fw)~ PGS () d (),
Since 5(4007C 4'-):0, the {l&rst term s zero (since.
tCme, Stoxtw\ at —00, W are aLremoE/ in Sfqu:lj s'f:q‘te),
and hence E(Z)=—F(0)S(0)E(d,)=0. Since Z=
=r—y, we conclude that E('g(t»:‘r(ﬂ- —§—



QU\QS{:{O\Q ‘1(‘3> We o\eno'\:e ‘o:) Z the

Vo Ulqge on ‘H\e_ Capqcttor Cz (grom tora "Io
LOHOW\>, So 'Hf\a't gy—‘— lCZ. We denofe [Jj

vV the VOe'l:age on the Capac.itor C4 (grow\

Legz't to rigt\’t) Then the curr n ro
t‘f\e Ca’oadtors ore - ) ts H’, “3"\

C\'/= Uu=—v U—-2Z—V
1

R - TR

- U-2Z-V
sz—-
R

7-1\2 State Vec'&or‘ Shou&\ Le x:[:].
Then

| RC, |
\ J - ~ I~
X A < B

— —
C D
\/\/e have det A = Z - 4

R*C/Cy R*C,C,
— A

— a2
R*c,C,

> 0. Since 'l:race A < 0 anal . a[et A>O)
A LS s{:akl_e.



(l?) _ﬂxe c‘mr;‘ac{fcris’ffc ()o\Ljnow‘a,Q o:y A is
’O(S)z det (sf—A): Sz-—(‘l:ro«ce A)S + det A

= S -+ S + l .
R (CA c, R’ZCL4C‘1
v / ——

a4 L,

We have 6<5)= C (SI'A>-' B =

— k A S+4/Rcy  -rey Ykey
—‘[O ]P(s) —-1/RCc, s+ 2/RC, A/RC,

[ 2.

L D IO X
PG | TRe; T RSy || 4
RC, |

I

5+V4 ] = I(.SVZ_ 5
[)(5> Yy [:’(5)

wkere we ‘nawe_ usea\ H\e no'l?al-ion

) o
Yy = Re, ’ V2= R,
b
—”'uw, fth
ky,'s

G(s)=

s*+(+¥,)s + 0.5y,
S

ey Q,

We, CLQQr% L\ave,
Lim G(w) = Lim G(iw) =0.

w—0 w0
.__8_.



(C) We Aeno‘te LJ Ge(‘:wk) ﬁ\e €Xper£menta% deter-
W\A’.nw\ Vaﬂ.u,e/) Qf ‘H\e true tmnsﬂa <sjuno"-l:z'oﬂ, k=4,,,_ 50,

which are §qla<)‘e¢t te measurement errors. We have

byizo), = [(%)1*“ 0’4(‘:“’k)+ao]6e(£cok> te,
where ek is due {to the Cowd;zneol Q%&} af H‘é

Meo\Surement and (MooleQCng érrors. We pew,.;fe thes «

w:' Ge(twk) = [[kae(iwk) Ge(dwk) -cmG te,
L v—" - J
v
Ik P
Wker‘e 9T= [aq a'o ba] are 'U\e unLnown r)qra—
\me,ters, WL\AQ@ yk ond (fk ovre Lnown,—Deno'Efng

34 i 50x €
y:[f ]’ q}:[' }GG: 3; 8:[:’4 ]9
J50 Y50 €50

we oLLw:n 'Hl?- MSUAQ QMM j= (I)G+e. However)

q) and y are Comp‘ﬂ,x, W}uQe we are S&rC“":"‘g ﬁa—t
tke OI){:[MCLQ re,a!i 6. m,, ave AQCO'MFOSQ fﬂ£0 6;1,6

220 CMMS {Reg =<Re, CP)9+ Re e

Imy =(Im$)6 + Ime

. ~ Re e Re Y, Re e
'Denobng y 2[‘m 5} , (b :[‘M j:] 9 e :[’m e:‘ ) We
arrive ol the real ecywﬁon g = $9 +¢. Now we

Con %nd\ the opt’:imaﬂ (re,oi)e 6_‘] the feast squares
AQ%orc‘,H\m : A XK #

GZCD «y, Where ﬂ:: *N—i,v*
From oo b e ot o P =) $

))4)))2 and k, anal hence also CbCZ’ _.9.___




Quesjtcon D, (a) ?/'+ u P Ly
P(x) = \-08z"

1-0.9z2" C —

C(a)= 3(1-— z"i)

G()= P()|4 +P(v->c<z>]"i

_ )-0.82"
t-09z! + (L—082") 8 (4~ z')

|—-o0.8z!
1+8§-09(1+28) 21 + 08522

Gz =

(L> For o =-1 the Hgkest order term in the
o\enominator d,{salor)wrs) So 'H\at G LS not Pmrer'
Hev\ce, G s not stable (evw 'H\ouﬁ[!\ its rol,e
s (n the unit A«s‘()

For $= 0 the zero of the denominator
| -09%! s ot 0.9, 0o G is stable,
For S= i the zeres o} H\e aLeV\ovwimfoF

2— 272" +082% are in the open unit disk,
So {’,‘/\ov’t o%ain. G s s{:au.e,

©) The DC-gain o G is
Gy= P[1+ PYCH] = P

<Lemuse C(i) = O), Since P does not de-
(76\'\& on S) we 9et G (4) = P(i) = 72 ,
rc?arAQess ef S 40



<d) |5 {1 c{enotes ﬂ\e S}\:ep r‘e.Sr)oV\Se ef G, 'H’Ien
{':S z- ﬁqusgmwx LS L(z): G(Z)—Z"‘ .~ The
e ) Z-1
I)o s qf) G are the zeros )\4)]2 0§
22— 1,352 + 0} (see the case S=1 discussed
o(t {)art (b)) wl\.{cln are n 'H\-e epen uan
disk. We yse the Parth,(?, Srqotfows decom po-

5({Z€on

_ Co. C3
= + +
z-1 - A, Z-2, x-1 ’
where ¢ = R (z—?ﬁ)ﬁgf)_, and C, is
L2y z-1
C,om()ubeo\ Sfmiear@. Tken,
A
™~ Zz
/r'b )= ¢, — + ¢ Z + C3 —

k
'{Lk = ¢, (M) + CZ(}Z)k+ Cs, k=0,1,...

tn {)arthujAJu '&k—’ C3, HEMCQ, Ca must be the
DC’gain gf)G, which s 2, see Part (c).

(6) c | + hs_ )
P(S> ~ P< i ;) ) wlr\ere k=2000

and P hos been cow\pufec\ in ()art @).
—H\LS S»ou,ows S'V’DW\ Tus{;;n‘s Sormutea,.—rLW.S,

h
|+ —?-_S—»o.a(;, he

I+ b2 —09()- k)

P(s)~
2



e

errors (S ¢ + ~
% v o lp R d

Since gk Ondq)é C <—

are ava.iQaLLQ amd C (s known) we can

Compute U, » ?e/\ k= 1y... 1o0. Now we can
forget about the feedback configuration
Omol COVLSL‘O,.QI ow@ ﬂ\e }ouowing SuszsTew\:

“w P _g—-;é—-—»g We  know }Vam

{)I’EO\RJ":O“ tkeorj that i'g the error s added

t(:)/ ﬂ\e Outpu'b) as it (s l‘\e,re,) ‘H\en yO?y»M‘“
y loo 9'€ net  relevant 50" the ffeah’d-n‘on D}
9;0/,. The uvx\)iQSe.o\ PreAdc,tion ?Am is  obluned
bj Processc‘vxa uk (L=—O_)-4, 400) ‘H\(‘oug(n ’H\e_
&Q{:ﬂr‘ P ’ “Fr‘om gk = gk + ek (q‘eso yrom,

Prea\io‘tion ’Hwoy) we See tha,t H1e Preg\,‘cl(bn

ervror (S ek 3 So {‘\Qt L(:g vVarcance (s J-'

a—

Note ‘Umt g (S (n jac,t ‘Hw b{hcorr‘ur;tec‘/
oubput VY f P <§k=yk>; but p

Cannot  be measured .

o R T SD)
Leen used at the beginm:na,to P3

com‘mte. Upy Uayee Yyoo ) _— 42'.__.

<§'> —We LLOC.‘L o\xaéro\m ’\AJ‘L'HI\ ‘H'\p_ measure_meﬂt




Question G.(a) Since ..U, U _u u

—4’ 0 4, 2,...

ore (.i.d. ([niepena{ent anci (‘Jen)-(ca.% olis{‘rzbqteco,

the some s true for . “,?;,“:,“42, Uy .o

(a\ any other gunCtio" ”f ”-). —”w:, u? is white noise ,
(n qutiwl.ar.) L{I s s'ta":ionq:'j and eraoauc. Baseal
on Qrgao{«'d'@, we can esfimq‘te ( a hat aLenotes>

an es'ti Ma'te

P N N\ N 2
2y_ 1 2 i~
B =md, Vor@)= L > @Y,
k=0 k=0
- 2{‘\
where N=10,000 and woo= ul - E(«2). Since u*

(s white noise ’ 5{25 auto r Lal-r‘on nction ¢ ti-
matc& s /\uzua u/ior‘ e_z S;J. ts estt |
. = Var(uk)-go(-c)) |

where So is the discrete yuct Pque_7 80(75)-: 1 for T=0,

0 else,

(b>6€nce u* s Wlu'{e noise it e e.raocla‘c, HEnceJ
‘Ur\e random S{anq,Q, [_LLZ r> C%]T) whe,re, ? is the
Ou{-{\b(t Sigﬂaﬁ of H’ (s aLSo e,raoclic. St‘n(_e g=3+e,
where_ e (s ago.[n w"u‘l:e hoise , indepenolant af uz,
we ge,t H'\qt QA& [uz p gJT (s Sl“ql'ionar:j and)

erg,oo\ic. ’h panl—t‘o‘(ﬂam, ‘('t gou'ows that we Can

eskmate CUP  and CP* (o = =0,4,...100) by

AuzP I N-T Ai /\Pﬁ— 4 N-%
CT. = N--;--f-ié ak ,okw‘-’c ) C’C =N"T+‘1kZ=o'Pkgk+t,

wherc ,(,\(i" ‘\as Leen c{eﬁt‘neo‘ eare«'er‘, anal 5(mi*&r9

A ~ A
Po=Pem EGQu)s 5= B G- (Obvicusty, y oo
e_raooh‘c) ‘)eina a Compone.nt 05 [‘uz /> y-]T.?_43



<C> Since Cu‘p = 9* Cuzuz and

Cuu — 0-7-30, where o%= Var (u: ),

we 9et Cuzp — o’zag_J. We can estimate

BOHL Cup and oz (see er answer to parfs
@) and (b)), and then we can obluin an esti-

mate Og 9- from tke— }TQW\&J 507‘”\(—(.[—& QLOVQ,

<d> Dghote q%o.in ‘D-j ? the Output seamf, o} 'H\e
SuLSJste.m 'un‘H'n ’[:f‘qns}er gu.nction H-'-”'\en,

CP? - 'gl.* CN’ Since_ y = ?+e, we. have
Cr’% = CP? + Cpe . Since {) (s ou'a-ineol }r‘om
w and e (s t‘no\zpene\mt oj— u, we have. 'tha't e
(s inde()e,nalzn't OS, P> hence CPezo_ M’

pr_—: Jox C”P, oL, wrillen in  matrx };orm—,

4 o
\—CQ” U/ 1N N e
SIS T S

] - )
cr oo ocr .. s <
B 4L _

Since H stq\;\,e) we ‘ﬂave hk* 0. We trun-
cate the above infinite sﬂsfam of ec},u.ql-fons b
ke_eréng onej the }"rst 101 eqxual-t‘ons and the
}ffst 101 unknowns l'lo,h4 yoen kloo . We Y‘ep(n.ce Cg’
ond C{;g' (wtu'cln are nol know") Lj their esfima":es,

See par‘t (b), anol u\jq’-’wi SDLVQ 50" ho,‘L“...‘l‘oo.



(6) —l—kg a{)pmximate \Lrams?ﬂ» &LLV\CLI:DV\ (¥
G%(z) = go +§,i‘+§lz'2 +§m z 1o

This corresrono\s to the MA e,cwa't-ion

PL= é\o % * /9\4’?),‘_, +§2Vk-z SLR 5400 Ye-too -
He,re, ¥ denotes the inpect s(‘anaﬂ of the FIR
flba , p s the outpal signd, and 3,
the estimate <f g,, k=0,4,... 400,
(}) We have g': HG c/} + /e\ , where (gor o
change) o hat  denctes the & trans formation.

_ﬂrw;, w*
/ = 0 w\ne,r‘e_ = .
Y L[HGrIJW, w LJ
L
Bj ‘Hne math‘.x Version o§ ‘H\e_ Wt‘evxe.r- Lea

S»ormufa, Caliscfe,te—'l:cme vexsto,\>, we have
Syy = I: Swwl.: . Since U* and e are ir\Aepe.n—-

deit ¢+ we  have Sww_____ }:0’7‘ 0 ] whe re
o= Var(ui) = E(u: ) — E(u:)z,
%"= Var(ef)= E(e)— E(e,)”.
MuQ‘tEP\jiﬂé ou.‘t, we obtain
533(&») — , H(eiv)lz.lG(eiv),z‘o,z + 0,42.







