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I, (a) An M " _order, causal, real transfer function is given as

-1 ~-M
a, +a,z +...+adyz
0 1 v M
AM(Z)= YRR

M>0

by +bz™ +...+byz
(i)  Derive the conditions on the numerator and denominator coefficients to yield
. 2
|4, ()| =1, forall .

31
(i) Comment on the location of the zeros of a causal, real, stable, allpass transfer
function within the z-plane with respect to the unit circle and the poles. Justify

your answer.

31
(b) Consider the first-order, causal, real, stable, allpass transfer function 4,(z).
(i)  Determine the expression for 1 - |Al (z)[2 .
[5]
(ii) Show that
<1 for |7>1
|[4,(2)4=1 for [4=1
>1 for |7<1
[5]
(c) Discuss a possible application of allpass filters.
[4]
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> (a) Show that the transfer function
l-a 1+2z7
H(z)=——"1"—,
(D=
has a lowpass magnitude response. Determine the 3-dB cut-off frequency w, at which

the gain response is 3 dB below the maximum value of 0 dB at @=0.

a| <1 (1)

(3]

(b) Show that the transfer function
l+a 1=z

2 1-azV’
has a highpass magnitude response. Determine the 3-dB cut-off frequency w, at which
the gain response is 3 dB below the maximum value of0dBat w=r.

H,(z)=

a|<1 2

(51
(c) The lowpass transfer function H,(z) of equation (1) and the highpass transfer function
H,(z) of equation (2) can be expressed in the form
1 1
H\(2)=3 [4,(z) - 4,(2)), Hy(2) = E[A, (2)+ 4,(2)]

where A4,(z) and A4,(z) are stable, allpass transfer functions. Determine A4,(z) and

A,(z2).
[10]
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(a) Show that a Type 1 linear-phase FIR transfer function H(z) of length 2M +1=7 can be

expressed as

H(z)=z" [h[M] + f\:h[M —nl(z" +z" )}
[4]

(b) By using the relation

-1
z"+z77 =2T, Zrz
2

where T, (x) is the » —th order Chebychev polynomial in x, express H(z) of Part (a) in

the form
-1

H(z)=2" foa[nl[z = ] (1)

Determine the relation between a[n] and h[n].

18]

(c) Develop a realization of H(z) based on equation (1) in the form of Figure 1, where

F,(z™") and F,(z™") are causal structures. Determine the form of F(z™") and F,(z7").

(8]

[The Chebychev polynomials satisfy the following recursive relationship:
T (x)=2xT, [ (x)-T, 5(x),r22
T,(x)=1, T|(x)=x]

7 Fl(z-l) g F1(2~l) g Fx(Z—l)

a[0]<; amT a[zﬁf al3)

re PO Re =& e O

Figure 1
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4 (a) The bilinear transformation from the s —plane to the z — plane is given by

_]—z'1

S 1

1tz
(i)  Explain using mathematical relations, where each point s = o + jQ on the

s —plane is mapped on the z — plane through the bilinear transformation.
(6]
(i) Prove that the relation between the continuous frequency Q and the discrete
frequency o is non-linear.

(4]

(b) A given real lowpass digital IR filter has a rational transfer function H,(z) and a digital
cutoff frequency @, . The transfer function is transformed by replacing z by F(Z), to
another real lowpass rational form H ,(2)=H  (F (2)) of the same order as H,(z) and
cutoff frequency @, .

(i)  Give a full account of the properties of F (2) in order to effect the transformation.

131
(ii) Starting with a general expression for F(Z) find a specific expression for F (2)
which has all its parameters derivable from the requirements of the problem.

(71
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< (a) (i) Explain the function of a down sampler with a down sampling factor M where
M |, is a positive integer. Give the relation between the output sequence y[n] ofa

down sampler with a down sampling factor M and its input sequence x[n].
[4]
(ii) Derive the relation between the spectrums of the input and the output of a down
sampler.
8]

(b) Determine the condition under which a cascade of a factor of M down sampler with a
factor of L up sampler is interchangeable.
(8]
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(a) (i)  An M " -order causal real-coefficient allpass transfer function is of the form
y (7)_+dM+dM7,zfl+...+dlz_M“ M
M dz wdy, 2 e d, 2

+z

If we denote the denominator polynomial of the allpass function A4,,(z) as D,,(z)
with
D, (2)=l+dz"+...+d,, z """ +d,z"

then it follows that A4,,(z) can be written as

-M -1
Ay ()= Pl )
Dy, (2)
From the above we see that
M
_ z" D, (z
Ay (=) =22 PulD)
Dy, (z7)

z"MDM(z*l) ZMDM (z)

D,(z) D,z

Ay (2) A4y, (Zﬁl) =

@) = Ay (A () =1

(i1)  The poles of a causal stable transfer function must lie inside the unit circle. As a
result, all zeros of a causal stable allpass transfer function lie outside the unit circle
in a mirror-image symmetry with its poles situated inside the unit circle.

(b) Consider the first-order causal and stable allpass transfer function A,(z) with its pole

located at o .
(1) Determine the expression for 1 — ’Al (Z)|2 .

d +z" _zd, +1

A4/(2)= 1 with d, real and |d|<1.
l+d iz z+d,
. z'd, +1
A(z) =~
z +d,

* 2 2 *
. zd, +1 Z°d, +1 |z d +d(z+27)+1
A A (2) = —— :’ lz 1 : . 5
z+dy 2 +d, o +d(z+27) +d]
Adl vd(z+z)+1 (o -D-d})

: |
1= A4 ()4 (z)=1-
A ’z]2+d1(z+z*)+d12 |z+a'1|2

(1-d})

‘z+d1‘2
(o[ -na-a?)

|z+d||2

>0 we see that

(i) If |z{>1 then ||’ ~1>0. Since

L= A(2) A (2) = >0= |4 <1.
The rest are proved in a similar fashion.

{¢) A simple but often used application of an allpass filter is as a delay equalizer. Let
((z) be the transfer function of a digital filter that has been designed to meet a prescribed




magnitude response. The nonlinear phase response of this filter can be corrected by
cascading it with an allpass filter section A(z) so that the overall cascade with transfer

function G(z)A(z) as a constant group delay over the frequency domain of interest.
Since the allpass filter has a unity magnitude response, the magnitude response of the
, while the overall delay is given by the sum of the group

cascade is still equal to JG(e"“’)

delays of G(z) and A(z). The allpass is designed so that the overall group delay is
approximately a constant in the frequency region of interest.

For the transfer function
.

l—a 1+z
H (z)=—— Sa| <1 |
(@)= =l (1)
, l—a 1+e 7
we have H](Ja))z—*—_-,!ald,
2 1-qe™

" (/'a))‘z _(1 —ajz (I+cosw)’ +sinw  (I-a)’ 1+ cosw

a 2 (1-acosw)’ +a’sin*w 2 1+a’-2acosw
The above has a lowpass magnitude response with a monotonically decreasing magnitude
since

2 (1=a) (+cos0)? +sin?0 1-a) 4
H,(j0) 2[ ] ( )2 —— =( j —=1,
2 (I-acos0)” +a”sin“ 0 2 (1-a)
) l-a) l+cosm) +sin’ 7 l-a) (1-D%+0
’HI(./”){Z:( J ( )z 2 -2 :[ j ( )2 =0
2 (I-acoszm)  +a°sin“ 2 (I+a)" +0

d(|H, (./'(U)|Z) (I—a)? (=sino)(1+a’ - 2a cos ) — (1 + cos w)2a sin @

dew 2 (1+a’ -2acosw)’

(1 —a)? sino(-1-a? +2acosw—2a — 20 cos w) __(l—oz)2 (1+a)’sinw

2 (1+a’ = 2a cos w)* 2 (l+a’-2acosw)’
which is monotonically decreasing within the range @ =[0, 7].
The 3-dB cut-off frequency @, at which the gain response is 3 dB below the maximum
value of 0 dB at @ =0 is found below
1-a)? l+cosw, 1 2a

5 =—=>cosw, = 3
2 l+a” -2acosw, 2 1+«

H, (o) _(

For the transfer function
l+a 1-27"

Hy(z)=—2 -2 _ la|<1 2)
(&) ===l (
we have
H(/a))]z—(l+a]2 (I-cosw)’ +sinw  (I+a)’ 1-cosw
e 2 (1-acosw)® +a’sin® w 2 l+a’-2acosw

The above has a highpass magnitude response with a monotonically increasing
magnitude since
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(b)

’Hz(ll_o)‘z:(hrajz (1—<:050)22+si2n2'02 _o0.
2 (I1-acos0)” +a”sin“ 0
IH»(/ﬂ)f:[Hajz (1—cosm)? +sin’ 7 :[1+aj2 a+n®
o 2 (1-acosz)’ +a’sin’z 2 (1+a)?
H, o) :(1+aj2 (1-cosw)? +sin’ w :(1+a)2 1-cosw
2 (1-acosw)® +a’sin’ @ 2 l+a’-2acosw
d(\Hz(j(U)’z) (l+a) sino(l+a’ - 2acosw) — (1 - cos w)2a sin @
dw 2 (1+a’ - 2acosw)’
W(l+a)2 sino(l + a’ —205(:050)—20:+2o:cosa))_(1+a)2 (1—0{)2 sin @
) (1+a? —2acosw)? 2 (1+a? = 2acosw)*

which is monotonically increasing within the range w=[0,7].
The 3-dB cut-off frequency @, at which the gain response is 3 dB below the maximum
value of 0 dB at w =0 is found below

1+a)? 1- , 1
'HI(.j(l)(')lz :( +a) : COS @, L 2a2
2 l+a” -2acosw, 2 1+«
a-z"
A (z)=1 Az(z):l — |4, (jw)| =1 |4, (jo)| =1
-z

H(z)y=h01+ A[11z7" + B[2)z7% + A[3)z " + h[4)z* + B[5)z™° + h[6]z"°
h[6] = h[0], h[5] = h[1], H[4] = A[2]

H(z)=h[0](1+z )+ Az + 2+ h2]z 2 + 27+ h[3]z" =
H(zy=z " {h[B3]+ h0)(z> +z Y+ h1)(z* +z D)+ h[2](z + z7")}
Thus

H(z)= :3[11[3]-% ih[} —n)(z" +z7" )}

n=l1

The Chebychev polynomials satisty the following recursive relationship:

-1
" +z " =2T 2rz
2

with T.{x)=2xT_(x) =T, ,(x),r22 Ij(x)=1 T} (x)=x.

T (x)=2x" -1
To(x)=2x(2x> = 1) —x=4x" ~3x
Thus,
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~1 -1 3 -1
:3+Z3:2Tz z+2z -3 zZ+z _6 zZ+z
) 2 2 2

For reasons of simplicity I call

zZ+z

=X

H(z(x)) =z (M[3]x° + A[0J(8x" — 6x) + A[1](4x* — 2) + 2h[2]x)
=2 [(A[3] = 2h1])x° + (2h[2] - 6A[0])x + 4A[1]x* + 8A[0]x"]

al0] = h{3] = 2H[1], af1] = 2h[2] - 64[0], a[2] = 4[1], a[3] = 8A[0]

(¢) Develop a realization of H(z) based on equation (1) in the form of Figure 1, where

F(z

(ii)

(111)

'y and Fz(z”l) are causal structures. Determine the form of F,(z’]) and F, (z™").

1 -1 |
)= , (2 )=z
5 2(27)

R
T ol-s

) + jQ, . . . .
For s = jQ, we have that z:] O which has a unity magnitude. This

AL

implies that a point on the imaginary axis in the s — plane is mapped onto a point
on the unit circle in the z - plane where ‘z’ =1. In the general case, for

s=0,+ jQ,
L+ (og + Q) 2 _(1+0y)" +Qg
Z:——""”jlz‘ T 2.2
(1-0,) +Q;5
A point in the left-half s — plane with o, < 0 is mapped onto a point inside the

1=(oy + /)

unit circle in the z — plane as ’z‘ <1. Likewise, a point in the right-half s — plane
with ¢, > 0 is mapped onto a point outside the unit circle in the z — plane as
{21 >1.

Prove that the relation between the continuous frequency € and the discrete
frequency  is non-linear.

l—e ™/ w
JjQ= — = jtan(—)
l[+e/? / 2
w
Q= tan(—
( 5 )

F(2) must be real, rational function z, of order 1 and stable.
Starting with a general expression for F(Z) as follows

F(é):a2+b

, a,b,c.d constant parameters

~

cz +
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For @=0, 2=¢’’ =1 werequire H,(2)=H,(F(%))=1.Thus

FO)="0 s ysbocsd
c+
For o=r, =e’" =—1 werequire H,(2)=H,(F(2))=0. Thus
Fly==2 o gibec—d
-c+d

From the above conditions we see that b=c and a=d .
. Z+b Z + )
Therefore, we have F(Z)= af o sz 1 , with a = a .
bZ+a Z+a b
Therefore, F(Z) is an allpass filter.

{a) (1)  The down sampler with a down sampling factor M , where M is a positive
integer, develops an output sequence y[n] with a sampling rate that is

(I/M )™ of that of the input sequence x[n]. The down sampling operation is

implemented by keeping every M ™ sample of the input sequence and removing
M —1 in-between samples, to generate the output sequence according to the

relation
yin] = x[nM ]
(i1)
Y(z)= 3 x[Mn]z"
x[n], n=0,xtM  £2M,...,
X 1] = ]
0, otherwise
xim[”] X[n]
Y(z)= Sx[Mnlz ™" = Yo, [Mnlz "= 3 x, [klz75" = X, (2"
n=—u n=-—x k=-w
X [n]=cln]x[n]

n=0+*M +t2M,...,
cln]= .
0, otherwise

n=-w —0 k=0
1 M;I( +Zw [ ]W/\II n] 1 MZ—IX( W—k
= X\ n - z
M k=0 \ n=-x M M k=0 M
I M VM gy -k
Y(z)=— 3 X(:z"'Mw
M o ( M

(b) Determine the condition under which a cascade of a factor of M down sampler with a
factor of L up sampler is interchangeable.

x[n] v,[#] nln]
— L M
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Figure 1

x[n] v, [n] y,[n]
— M » L ——»

Figure 2

M -1
Z X(ZL/MWA/;/\’L)

For Figure | we have ¥,(z) = X (z") and Y,(z) = Ml—
k=0

For Figure 2 we have

) ‘ [ M- ) . 1 M-l _
Fo(z)y=— S X(""w, yand Y, (z) = — 3 X ("MW ,b)
M = M =
The functions W ,* and W," are the same only if the numbers L and M are

relatively prime.
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