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1(a)

A source signal X and a transmitted signal Z are modelled as binary random
variables taking values 0 and 1.

A received signal Y is modelled as
Y = NZ

in which N is a binary random variable which takes values 0 or 1 and is inde-
pendent of X and Z. (N = 0 corresponds to receiver failure.)

Assume that

PX=0=PX=1=1/2
PZ=0X=0=PZ=1X=1] = o
PIN=1] =p.

A signal Y = 0 is received. What is the probability that the source signal was
X =07

A section of a communication link is modelled as indicated in Figure 1. The
possible states of each switch Sy,...,Ss are open and closed. The events

S, is closed i=1,...,5
are independent and
P[S; is closed] = ¢ for each 1.

Calculate the probability that there is a closed path between points A and B.

Now suppose that a communication link is composed of identical sections, con-
nected in series. Suppose that the states of all switches are independent,

g=(1-107%)

and that the length of each section is 1 metre. What is the maximum length of
the communication link such that

P[there is a closed path through the entire link] > 0.997

Figure |
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2 A signal X (w), corrupted by a bias n, is rectified by a device with characteristic

z2 forz >0
Riz) = { 0 forz<0.

X(w) is modelled as a random variable with uniform probability density function

. 1/2 for —1<z<+1
fx(@) = { 0 otherwise

The bias n is taken to be a constant (0 < n < 1). See Figure 2.

Write Z(w) and Z*(w) for the rectified noisy signal and the rectified noise-free
signal respectively:

Calculate the average power of the rectifier output error, namely
E(Z(w) - Z*(w))*].

(Assume 7 is small, so that terms involving n3, n4, etc., can be ignored).
Hence determine the signal to noise ratios Sj, and S,y at the input and output
of the rectifier respectively
2 El(Z — 2
a8, - @) - @)
B[X?*(w)] B[22 (w)]

Sip =

Notice that S;,, # Soyt- Is this a nonlinear phenomenon, i.e., is it possible that
Sip # Soyt if the nonlinear characteristic R(z) were replaced by a pure gain Kz

(K #0)7
Hint: obtain formulae for R(z + n) — R(z) in the regions
(i)z<-n (1) —n<z<0 (i15)z>0.

Do not attempt to calculate the distribution function of Z(w).

X

»O

VA
+ ‘ / ) '
| >
n (bias) R(x)

Figure 2
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3(a)
3(b)
mmfi‘;)

Let X (w) and Y (w) be jointly distributed, zero mean, normal random variables,
with variance o2 and correlation coefficient r, —1 <7 < +1:

1 1 2
Ixy(z,y) ZLmeXP {-—m (]x —ryl*+ (1 - r2)y2)} )

Derive the conditional probability density fxjy(z;y) of X(w) given Y(w) = y.
Show that the mean and variance of the conditional probability density are

m,\—]y(y) =Ty,

varxy (y) = o2(1 —7?).

Now interpret X (w) as a signal and Y (w) as a measurement of the signal and

X(y) = mx;y(y)

as an estimator of X (w) given Y (w) = y.

The higher the quality of the sensor, the larger is the absolute value of the
correlation coefficient. Assume

10
sensor cost = = (8’s)

What is the minimum cost of the sensor, if we require

varypy (y) < 0.0LE[IX (w)]*] 7
(In part (a), you can use the fact that

flz) :(%012)% exp {—%g(x - m)Q}

is the probability density function of a random variable with mean m and variance
2
o°.)

SN W6 L ok (‘
3y
(RS 9]
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4 A transmitted signal X (w) is modelled as a continuous random variable with
probability density function fx(z). The received signal Y (w) has a random off-
set N(w):

Y(w) = X(w) + Nw).

The offset is modelled as a discrete random variable, independent of X (w), with

PIN()=0]=p and P[N(w)=3]=(1-p).

Show that the conditional probability mass function of X (w) given ¥ (w) =y is

_ pix(y)
pfx(y) + (1 —p)fx(y —3)

R . 0-pixly-3)
P (W) =y =3IV =vl = —p)fx(gy ~3)

PX(w) =y|Y(w) = y]

b

Hence derive a formula for the least squares estimate

X =g(y)
of X(w) given Y(w) =y.
Evaluate g(y) in the case when
1 0<z<1
(=) = { 0 otherwise.

Comment on the results.

Hint: In the last part of the question, consider separately the cases

1 1 1
()o<y<3, ()5<ysl, (i)l<yslz
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5(a)

An r-vector stationary stochastic process {yx} is modelled by the state space

equations )
Tpe1 = Az + bek< Y= C:z:k.)

e

in which A is a ‘stable’ n x n matrix, b is an n-vector, C is an r X n matrix
and {eg} is a sequence of zero mean, independent scalar random variables with

common variance
Ele?] = o?.

Derive a set of equations, including the matrix Lyapunov equation, for the co-
variance function Ry(l), [ =...,—=1,0,+1...

Consider the two stationary scalar processes {u;} and {vy} modelled by the
difference equations:

Up4+1 = Vg + €k
Vgt1 = —aUg + € -

Here, a is a modelling parameter and {eg} is a sequence of zero mean, independent
scalar random variables with common variance

Elel] = o°.

Tt is known that the covariance functions R, (1) and R, (I) of {ux} and {vy} satisfy

By using the results of Part (a), or otherwise, determine the value of a.
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6(a) Define the spectral density @,(w) of a stationary, second order, zero mean, scalar
stochastic process {ry}.

Now suppose that
= ugtug k=, 10,41,

for stationary, second order, zero mean, scalar stochastic processes {u } and {vg}
such that

uy and v; are independent for all k, 7.

Show that
O (w) = Oy(w) + @y (w).

" 6(b) A transmitted signal {s;} is modelled as a stationary, zero mean, scalar stochastic
process satisfying

(2 - z_l)sk = e,

in which {ex} is a scalar, unit variance, white noise process.

Due to the presence of noise and channel distortion, the received signal {7y} is
the solution to the difference equation

(3 - Z_l)T]C = Si + dj.

Here, the disturbance process {dy} is generated by the equation

in which D(z) is an unknown transfer function and {é} is a unit variance, white
noise process, independent of {ez}. See Figure 3.

The spectral density of the received signal {ry} is known to be

1+ (17 — 4e7 — 4e739) (5 — 2e7% — 2¢™7w)
(5 — 2e7¥ — 2e~3w)(10 — el — 3e~Iv)

O, (w) =

Find the transfer functions G;(z) and G2(z) such that

Tr = uUg + vk, where uy = Gieg, vx = Go€g.

By using the results of Part (a), or otherwise, determine the transfer function
D(z) which generates the disturbance process {d}.

€ 1 SN 7 Unhéynce 6{
_ S Vb
2-—-:_l ...—‘Z-] ’s 10 : 'S
\\é_’" g
g
- D(z)

Figure 3
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