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l. Figure 1 shows the block diagram of a control system in which k is an adjustable gain.

(a):

(b):

Assume

= e
Sketch the Nyquist diagram of G(s), specifying points of intersection with the nega-
tive real axis, if they exist. Hence describe how the stability properties of the closed
loop sytem are affected, as k increases in the range 0 < k < oo.

Now assume that
s+1
(s — 1D2(1 + as)?’
where « is a small positive parameter (a << 1), i.e. we replace the plant transfer

function of (a) by a more refined transfer function, including two extra lags, to model
high frequency dynamic effects.

G(s) =

Briefly indicate how this change of G(s) modifies the Nyquist diagram and comment
on the way the closed loop stability properties of the system now change, as k varies
in the range 0 < k < oo.

Hint: The extra lags in G(s) affect only the high frequency properties of G(s).

1(s) c(s)
-0 k G(s)

Figure 1
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2(a). Consider the control system of Figure 2(a), in which

K (> 1) is an adjustable gain and wp is a positive constant. Calculate @ and wjp, where

i
!

the forward path gain cross-over frequency (i.e., w satisfies |G(j@)| = 1)
wp = the closed loop bandwith (i.e., wy satisfies |G(jwp)| = 2%5@( JO)|)

where G is the closed loop transfer function. Show that
Ojwp — 1 as K — o0,

that is, for large K, the gain cross-over frequency is approximately the same as the closed
loop bandwidth.

2(b). Consider the control system of Fig. 2(b) with velocity feedback, the purpose of which is
10 increase the gain cross-over frequency (and hence closed loop bandwidth).

(i): Find the value of the velocity feedback gain Ky such that the compensated loop

transfer function 1

Ge(s) = (1+ Kas) m=go14)8

has phase margin 45°.
' You should assume that Kq@ >> 1, for & the gain cross-over frequency of G(s).)

(ii): As K is increased, the gain cross-over frequency @ increases. What is the maximum
achievable value of ®? What is the corresponding value of K47 Why is this not a
sensible value of Ky to choose?

1(s) + c(s)
o Gee)
Figure 2(a)
Ks)=0 1 : o(s)
_ — (H—O.()ls)3 8
Kd
Figure 2(b)
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3. Figure 3 shows a double inverted pendulum in the plane. The rods supporting the pen-

dulum masses are rigid, of zero mass and of equal length, {. The pins connecting the two
rods and also the lower rod to a rigid support are frictionless. The pendulum masses,
m. are equal. A horizontal force F is applied to the lower mass. g is the gravitational
constant.

l.et 6,0, be the angles of the upper and lower rods to the vertical. Let 77,75 be the
tensions in the upper and lower rods.

(i): Show that, for small values of the angles #; and 6;, the motion of the pendulums is
approximately described by:
2g 1
(T) (61 — 62) — (E) F

(%) (205 — 0y) + (Flﬁ) F

Hint: Resolve forces at each mass vertically and horizontally and approzimate sin(f) ~ 6,
cos8(6) =~ 1. Note that, since the vertical accelerations of the masses are small, resolving
forces vertically gives

1

d%6, /dt?

d%6,/dt*

0a Tycos(6y) + mg and 0= Tscos(f) — T1cos(61) +mg .

(ii): Let m = [ = g = 1 (in dimensionless units). Develop a ‘small signal’ linear state
space model, in which the state variables are z1 = 61, o = 01, z3 = O, £4 = 02 and
in which F is regarded as a control variable.

(iii): Show that the system is controllable.
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4. Clonsider the second order system (S):

1 = anT1 + a2z (state equation)
To = aT1+axretu

and
y(t) = z1(t) (output equation),

for some constants a11, @12, @21, a2 (a12 # 0).

Note that the output y coincides with the first component of the state.
(a): Find kT = (ky, k2) such that, for the state feedback law
u = —ka,
the closed loop system has characteristic polynomial
o(s) = do+ 15+ s2
for given constants do and d;.

(b): A reduced order observer for za(t) constructs an estimate Z2(t) of z2 from a solution to
the differential equation

dia/dt = any + anis +u+ g(y —any — a1zd2) (1)
in which ¢ is a scalar gain. (There is no need to estimate xy since it is measured directly.)
(i): Show that the estimation error signal ey :== 29 — 2o satisfies
dez/dt = (022 — gaiz)es, pact

Hence choose g so that e(t) decays with a time const/aﬁt T.

{ii)): The reduced order observer (1) requires differentiax{on of the output y. Show that
I can alternatively be obtained, without differenfing y, by solving the equations

dz/dt = any+ axn(z+gy) +u—glany + aa(z + gy))
2o = z4gy.
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5. A machine tool cuts a (time dependent) profile y(t), that depends on the applied control
action u(t) according to the (Laplace transform) relationship

y(s) = =7 uls)
The desired profile y(t) is an exponential curve
ya(t) = et t2>0.
Find a feedback strategy of the form
u(t) = —kiy(t) — kaya(t)

0 minimize the cost function
o 2 2
|7 (1) = wa(O + au®)?) a

for an arbitrary initial value y(0) of y.

You should follow the following procedure: reformulate the problem as a standard problem:

Minimize [5° ('rTQ:z + a|u|2) dt
(OC) subject to

T = Az +bu
z(0) = xo
with state vector (z1,x2) = (y(t),e™*), and use the data below. [14]

Hint: Note that zo(t) = et satisfies &9 = —xg, z2(0) = 1.

Now suppose that y(0) = 0. Let e(a) be the minimum integrated tracking error:

e(c) = min [ " y(t) — va()Pdt.

Show that e(a) — 0 as a — 0. 6]
Hwnt: use the formula (2) below for the minimum cost.

Data: The solution to (OC) is given by:
u=—-blPx,
where P is a solution of the Algebraic Riccati Equation (ARE):

ATP+ PA+Q—o 'PbbTP = 0.
P=PT and P>0.

and

2TPzo — min { /0 " (27Q + olul?) di} @)
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6. Consider the nonlinear ‘step relay’ device with input/output characteristic illustated in
Figure 6(a), in which a and b are positive constants.

Show that the describing function of the device is

ab/(xA) (1+EFL) i A>a

N(4) = { 4b/(7A) ifA<a.

The device is incorporated into the control system of Figure 6(b), in which k is a gain [6]
parameter.

A limit cycle oscillation is observed at the output of amplitute A = %a.

(i): What is the frequency of oscillations and what is the value of the gain k7 [10]
{ii): Assess whether the limit cycle is stable. 4]
v
2b
b
c
—a a
-b
-2b
Figure 6(a)
I + [+ v 1 [
- . ;
— A (s+1)
Figure 6(b)
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