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DIGITAL SIGNAL PROCESSING
2000

Special Instructions for Invigilators: None

Information for Candidates:

Sequence z-transform

)(nδ 1

)(nu 11
1

−− z

)(nuan 11
1

−− az

Table 1 : z-transform pairs

)(nδ  is defined to be the unit impulse function.
)(nu  is defined to be the unit step function.

Numbers in square brackets against the right margin of the following pages are a guide to the marking
scheme.
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1. Goertzel’s algorithm is a recursive method for computing the DFT of a sequence. The
algorithm can be derived by first considering the formula
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Show that this is equivalent to the standard formula for the DFT.

By considering a new sequence
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Nnk nykX == )()(

write down the z-transform of )(nyk  and the difference equation for )(nyk  and hence draw
the corresponding signal flow graph for )(nyk .

Deduce and briefly describe the operation of Goertzel’s algorithm with reference to these
formulae and signal flow graph. Include in your description a clear explanation of the procedure
for computing )(kX  from )(nx .

2. Consider a sequence )(ng  and its z-transform )(zG .

(a) Show that the z-transform of 
dz

zdGzngn )()( −= .

(b) Derive )(zG  when )().cos(.)( 0 nunrng n ω= .

(c) Consider two sequences )(nx  and )(ny  with z-transforms )(zX  and )(zY . Let )(nw  be
defined as the convolution of )(nx  with )(ny . The z -transform of )(nw  is )(zW .

Starting from the convolution sum, derive an expression for )(zW  and comment on the region
of convergence of )(zW .

Let )()( nuany n=  and let )()( nunx = . Find )(zW  and state its region of convergence. Sketch
a pole/zero diagram of )(zW  and indicate the region of convergence on the diagram. You may
assume a is real and 0 < a < 1.

[6]

[7]

[7]

[4]

[4]

[6]

[6]



Page 3 of 5

3. Consider a discrete-time signal )(nx  of length N and its DFT )(kX .

(a) The DFT operation can be expressed in the following matrix form.

xDX N=

where X  and x  are vectors and ND  is known as the DFT matrix. Write out in full the vectors
X  and x  and the DFT matrix, ND , showing their elements in terms of )(nx , )(kX  and the

term Nj
N eW /2π−= .

(b) When )(nx  is complex it can be written

)()()( nhjngnx += .

Show that

( )NN kXkXkG )()(
2
1)( * −+=           and

( )NN kXkX
j

kH )()(
2
1)( * −−=

where )(kG  is the DFT of )(ng , )(kH  is the DFT of )(nh , *X  is the complex conjugate of
X  and the subscript N indicates modulo N indexing.

(c) Now consider a real discrete-time signal )(ny . Using the formulae of (b), or otherwise, develop
an efficient scheme for computing )(kY , the DFT of )(ny .

[Hint: consider )12()2()( ++= nynyny  to be of length N2  and aim to compute )(kY  from
the sum of two N-point DFTs.]

4. (a) Compare FIR and IIR filters stating the advantages and disadvantages of each. Your answer
should include definitions of both types of filters.

   (b) Consider an FIR discrete-time system with impulse response

{ } { }1,1,1,1,1,1)( =nh

Write down the difference equation and transfer function of this filter.

Develop a recursive form of this difference equation and, hence, write down the transfer
function of the recursive filter. Comment on the result.

Draw a labelled sketch of the magnitude and phase of the frequency response of this filter.
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5. (a) In practical applications the derivative of a sequence is often approximated using sample
difference equations.

Construct and write down such difference equations and their z-transforms for

(i) the first derivative, )(1 ny , of a signal )(nx ,
(ii) the second derivative, )(2 ny , of a signal )(nx .

For each of (i) and (ii) state whether the systems are linear, time-invariant and/or causal.

    (b) One of the most common applications of median filtering is to smooth signals which have been
corrupted by additive impulsive noise.

The output, )(ny , of a median filter is given by

( ))(,),1(),(),1(,),()( knxnxnxnxknxmedny ++−−= ……

where the median function, med( ), lists the 12 +K  samples in descending order and selects the
value in the middle of the list, where K is an integer.

Comment on whether the above median filter is linear and/or time-invariant. Justify your
comments analytically and construct a simple relevant example to illustrate your conclusions
using the two sequences below.

]5,0,3,7,1[ −−=A                 ]1,12,11,2,10[ −−−=B

    (c) Consider the digital signal processing system shown in Figure 1. Determine the output, )(ny ,
in terms of the input, )(nx , and hence find the system function.

Figure 1

x(n)

y(n)

[6]
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6. (a) Construct a signal flow diagram of a direct implementation of a multirate DSP system
containing a two-band analysis filterbank followed by a synthesis filterbank. Label the diagram
fully and write down expressions for suitable filterbank filters in terms of a half-band lowpass
prototype filter )(0 zH .

Show how polyphase filterbanks can be used to reduce computational complexity using
appropriate diagrams and supporting analysis.

    (b) A signal )(nx  has a spectrum as shown in Figure 2. The signals, )(np  and )(nq , are generated

from )(nx  using the system of Figure 3. Draw labelled sketches of )( ωjeP  and )( ωjeQ

given that
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Describe briefly the relationship between )( ωjeQ  and )( ωjeX .

ω0

1

π π2

)( ωjeX

Figure 2

Figure 3

H(z) 2 H(z) 2 4
x(n) p(n) q(n)
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