PROBLEM 1

() The following are the impulse responses of discrete-time LTI systems. Determine whether each
system is causal and/or stable. Justify your answer.

® Hm= )"
(i) h[n]=(0.6)"u[n+2]+ (0.5)"u[-n]
@iy h[n]=2"u[3- n]
(b) Consider the first-order difference equation
yin] +2y{n - 1] = xn]
Assume the condition of initial rest. This means that if x[n] =0 for n<n,, then y[n]=0 for

n<n,. Find the impulse response of a causa system whose input and output are related by this
difference equation. Assumethat x{n] =0 for n<O0.

PROBLEM 2

(8) Let X[n] be adiscrete periodic signal with period N whose Fourier series coefficients are a,
with period N . Determine the Fourier series coefficients of thesignal y[n]=x{n]- x{n- 1].

(b) Let

11, O£n£s

A=15 eene7

be a periodic signal with fundamental period N =8. Determine the Fourier series coefficients of
thesignal g[n].

(c) Consider thesignal wWn] =g[n]- g[n- 1] with g[n] asdefined in (b).
(i) Determine the Fourier series coefficients of the signal w{n] using the definition.
(i) Determine the Fourier series coefficients of the signa w{n] using the result of (a).

. . N1 i 1- XN
Usetherelationship & X' = - X £1.
i=0 -

PROBLEM 3

The output y(t) of acausal LTI system isrelated to the input x(t) by the differential equation
dy(t) 29(t) = dx(t)

Determine the frequency response of the system and then f| nd and sketch its Bode plots.

+ X(t)

PROBLEM 4

(a) Consider a continuous time LTI system. Prove that the response of the system to a complex
exponentia input e®' is the same complex exponential with only a change in amplitude; that is
H ()€ . Thefunction H(s) isthe Laplace transform of the impulse response of the system.

(b) A causd LTI system with impulse response h(t) has the following properties:

1. When theinput to the systemis x(t) =¢€' for dl t, the output is y(t) =%et :

2. When theinput to the system is x(t) =e* for dl t, the output is y(t) :%em



3. Theimpulse response h(t) satisfiesthe equation

h(t) =ae *u(t) + be 2 u(t)
where a, b are unknown constants.

Determine the response H(s) of the system, consistent with the information above. The constants
a, b should not appear in your answer.

Use the fact that the Laplace transform of the function h(t) =e ®u(t) is H(s) = i Re{s >-a.
s+a

PROBLEM 5

(@) Find the analytical expression and the region of convergence (ROC) of the ztransform of the

discrete causal signa X[ n] :(%)” u[n], with u[n] the discrete unit step function.
+¥

Use the relationship & x" :i, if [x<1.
n=0 1- x

(b) Consider the causal LTI system with input X[n] and output y{n] related with the difference
equation

1 1
yin]- yin-1] +Zy[n- 2] =xn] - ?{n- 1
(i) Determine the z-transform of the impulse response.

(i) Determine the z-transform of the output if X[ n] =(%)n unj.

Answer 1

@ () h[n]= (%)”u[n] . The system is causal since Hn] =0 for n< 0 and stable since I(;)rg h[n] =0.
(i) h[n]=(0.6)"un+2]+(0.5"Uu-n]. The sysem is non-causa because of the term
(0.5)"u[- n] and non-stable since I(;)rg h[n] =+¥ .
(iif) h[n] =2"u[3- n]. The system is non-causal and stable since Iﬂm h[n]=0.

(b) Consider the first-order difference equation y[n]+2y[n- =xn]b y[n]=-2y[n-1+xn].
From this we get
0] =-2y[- 1] +d[0] =1

V1] = - 2y{0] =- 2
W2]=-2y[l = (-2 2= 4

V3] =-2y[2]=-6
yinl=(-2)", n® 0P y[n]=(-2)"un]
Answer 2
a) Thedgna X n] iswritten using the Fourier series representation as follows:
€) g g ep
x[n]= é_ akejkwonz é_ akejk(2p/N)n

k=(N) k=(N)
From the above we have



n-1= & akejkwo(n-l)z 2 akejk(Zp/N)(n—l): 2 e—jk(zp/N)akejk(zp/N)n
k=(N) k=(N) k=(N)
Thus,
Minj=x{nl- {n-1= & (1-e*®N)gek®nn
k=(N})
Hence, the Fourier series coefficients of thesigna y[n]=x{n]- X{n- 1] ae
b= (- e M@ Mg,
(b) The Fourier series coefficients of thesignal g[n] are given by

_ 7 _ 5 - o k@p/2)
=y, alnle K@= T ginle M= ¢ K0 =L

(c) () Thesigna w{n] isalso periodic with period N =8 and is given by
W0l =d0- d- 1=1
w1 =g[1 - g[0] =0
wW2]=9g[2]- g[1]=0
W3] =g[3]- 9[2] =0
w4] = g[4]- g[3] =0
W3] =o[3] - g[4]=0
w6] = g[6]- g[5]=-1
wW7]=9g[7]- g[6] =0
The Fourier series coefficients of thesigna w{n] are given by
b, :%éow[n]e- ik(p/4)n :%(1_ & K@)y

(i) According to the result of Part (a) and provided that the Fourier series coefficients of the
sgna g[n] aregiven by
11- g K>/

the Fourier series coefficients of thesignal w{n] are given by

b, =(1- e—ik<p/4>)11- o k@2

— L ik@Ep/2)
g1- e g ® )

Answer 3

We first have to find the frequency response of the system.

From d)d/(tt)+2y(t)=¥+x(t) if we take the Fourier transform in both sides we get
YOWI(W +2 = X(GW)[(w) +T1 b H (jw) =X W) — WL 'y 01 can treat this function easily
X(jw) jw+2

since for the Bode plots of H(jw) you need to find the Bode plots of the functions jw +1 and
jw +2 and subtract them.
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Answer 4

(@) The output of the system y(t) is given as the convolution between the input of the system
X(t) =e™ and the impulse response h(t) Thiswill be

+¥

Y= ox(t-t)h(t)t = e%(”’h(t)dt e'%t e%‘h(t)dt =e"H (s,)

where H(s) is the Laplace transform of the impulse response given by H(s) = (‘3e'g h(t )dt
-¥

evaluated at s=g,.

(b) The Laplace transform of the impulse response h(t) =ae *u(t)+be?u(t) is
a b 11

H(s) = =3 +TZ Re{g >- 2. According to the information provided we have that H (1) = BT

and H(2) = —0 . We form the system of equations:

1 HEo=2+2-1
4 3 12
2 HE=2+R-1
5 4 10
From (1) and (2) we have a=1,b=2. Thus,
1 2 3s+8
H(s) = + Re{s >

s+3 s+2 (s+3)(s+2)’



Answer 5

(@) Consider the function

ar=|@ 170
f o n<o

The z-transform expression is
1 1 1 1 1 1
X(2) =1+(Dzr+(=2)?z2+ ()33 +.. =1+ (EzH+(=zH)?+ (=213 +...b
(2 (2) (2) (2) (2 ) (2 ) (2 )
1

1—£z‘l
2

X(2) = , |%z'1|£1

(b) (i) By taking the ztransform in both sides of the input-output relationship we end up with the
following expression for the z-transform of the system.

7 1oy =x@)- 11 Y@ - 1
Y(2) zlY(z)+4z & (2)= X(2) 2z X(z)b X(z)p H(2) i |22 |E1
2
(i) Y(2)=H(2)X(2) = 11 C1izten
12 2
@- EZ )




