PROBLEM 1

(a) Letthesignd y[n]=xn]* h[n] where h[n]=d[n- n,],n,>0. Determine y[n].
(b) Letthesigna y[n]=xn]* h[n] where x{n]=Hhn]=u[n- 1]. Determine y{n].
(c) Consider the Linear Time Invariant (LTI) system that is described by the following input-output
relationship
yin] +2y[n-  =xn] + 2x{n - 1]
where x[n] istheinput and y[n] isthe output of the system. Find the output of the system to the
following input:
_‘|.J, n=-2
£2, n=-1
'3 n=0
x[n]= : 2, n=1
::: 2, n=2
]: 1 n=3
%O, otherwise

Assumethat yn]=0,n<-2.

PROBLEM 2

(@) Let x(t) beaperiodic signa with period 4 whose Fourier series coefficients are
1k, |K<4
ak =1 .
10, otherwise
Determine x(t) .
(b) Find the Fourier series coefficients of:
() Thesignd y,(t) =x (t).
(i) Thesignal vy, (t)=x(-t).

(c) Consider an LTI system whose response to the input x(t) =e 2u(t) is y(t) =e "u(t). Assume
that thereal part of a and b ispostive and that u(t) isthe continuous unit step function defined
as

i, t30

u(t) =i .

10, otherwise

(i) Find the frequency response of this system.

(i) Determine the system's impul se response.

(ii) Find the differential equation relating the input and the output of this system.

PROBLEM 3

The output y(t) of acausal LTI system isrelated to the input x(t) by the differential equation

d?y(t) , , ay(t)
e +4 pm +4y(t) = x(t)

Determine the frequency response of the system and sketch its Bode plots.




PROBLEM 4

(@ () Findthe anaytica expression and the region of convergence (ROC) of the Laplace transform
of the continuous causal signal x(t) = e *u(t), with a real and positiveand U(t) the discrete
unit step function.

(i) Find the analytical expression and the region of convergence (ROC) of the Laplace transform
of the continuous anti-causal signal x(t) =- € ®u(-t), with a rea and positiveand u(t) the
discrete unit step function.

(iii) Is the analytical expression X(s) of the Laplace transform of a signa sufficient in order to
determine the analytical expression x(t) of the signa in time?

(b) Theoutput y(t)of acausa LTI system isrelated to theinput x(t) by the differentia equation

2
2. I 290 =x0

Let X(s) and Y(s) denote Laplace transforms of x(t) and y(t), respectively, and let

H (s) denote the Laplace transform of h(t) , the system’s impul se response.

(i) Determine H(s) asaration of two polynomials.

(i) Determine h(t) for each of the following cases:

1. Thesystemisstable.
2. Thesystemiscausd.
3. Thesystem is neither stable nor causal.

PROBLEM 5

Consider an LTI system for which the input x{n] and output y[{n] satisfy the linear constant
coefficient difference equation

1 1
yin] - Ey[n- 1 =X[n]+§><[n- 1
Find the two distinct impulse responses that are consistent with the above difference equation.

Use the fact that the ztransform

— corresponds to the function a"u[n] in discrete time if

1- az
|2/ >|d and the function - a™u[- n- 1 if |z|<]a].



Answer 1
@ yin)=X{n]* hin] = & XKd[n- n, - Kl=xn- n,]

(b) yIn]=>n]* h[n] =(n- Lu[n- 2]

(¢) yin]=-2y[n-1]+xXn]+2Xn- 2].
MI-2]=1-2]=1
V-0 =-2y[- 2]+ X[-]]+2X-2]=-2+2+2=2
V0] =-2y[- ]+ XO]+2X-1]=-4+3+4=3
Vi=-2y[0] + X[1] + 2q[0] =-6+2+6=2
VI2]=-2y[]+ 2]+ 2X{]=-4+2+4=2
VI31=-2y[2] + 3] +22] =-4+1+4=1
V4] =-2y[3] + 4] +2XJ=-2+2=0
yin]=0,n>5
We observethat yin] =xXn].
If we use ztransformsin both sides we see that
A+2z2YYY(2)=1+2z2H)X(2)P Y(2)=X(2) b y[n]=xXn] asaready have shown.

Answer 2
(@
3 . 3 . . 3 3
x(t)= & jke @Mt =g jkEe!M®/Mt . g K2/t = 8 jk2jsink(2p /T)t] =& - 2ksin[k(p / 2)t]
k=-3 1 1 1

(b)
(i) Thesigna vy, (t) =X (t) has Fourier series coefficients a’, with a, the FS coefficients of
X(t) . You are not supposed to remember something like this but you are supposed to be able
to prove it in the exam. In that case
o _Vik, |K<4
a, =

| . =ak
10, otherwise

(i) Thesigna v, (t) =x(-t) has Fourier series coefficients a_, with a, the FS coefficients of

X(t) . You are not supposed to remember something like this but you are supposed to be able
to proveit in the exam. In that case

_1-jk, |K<4
|

a, = .
k 70, otherwise

=-a,
(c) Consider an LTI system whose response to the input x(t) =e ®u(t) is y(t) =e ™u(t). We have
the Fourier transform of x(t) being X(jw)=;_ and the Fourier transform of y(t) being
at+ jw

1
b +jw

Y(jw) =

Y(jw) _at jw

() Find the frequency response of this system. We call this H (jw) = —= _
X(jw) b +jw

(i) Determine the system's impulse response.
H(w)=—UW) _a* w38y, L
X(jw) b+jw b+ jw b + jw
(iif) Find the differential equation relating the input and the output of this system.

b h(t) =ae "u(t) + % e "u(t).



Y(jw) _a+ jw

H(w) = X(jw) b +jw

P Y(jw)(b + jw) = X(jw)(a+ jw)p

d _ d
by(t) + < ¥() =ax() + - x(0)

Answer 3

From +4y(t)=x(t) if we take the Fourier transform in both sdes we get

d*y(o) , , I
2 dt

Y(jw) _ 1

- _ 5 - You can treat this function
X(jw)  (jw+2)

Y(WI(jw)® +4jw + 4 =X (jw) P H (jw)=

easly since for the Bode plots of H (jw) you need to find the Bode plots of the function w2
jw

and multiply it by 2.

Bode Diagram
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Answer 4

(@) (i) Consider thesignal x(t) =€ ®u(t). The Fourier transform X(jw) converges only for a>0
as shown in the following.

¥ 1

0 jw+a

+¥ . +¥ ) _
X(jw) = o u(t)e "dt= g *e Mdt= _;e' (jw+a)t
¥ 0 - (jw+a)

The Laplace transform is
+¥ +¥

X(s)= ¢g *u(t)e *dt = og &'t
-¥ 0



With s=s + jw we have

+¥ X
X(s +jw)= ¢g ¢ ¥'%e ™t
0

The above is the Fourier transform of e © **y(t), and as shown above
X(s + jw):;_,s +a>0
(s +a)+ jw
orsince s=s + jw and s =Re{s}, we have
X(s)=—~_, ROC: Re{s >-a
s+a

(i) Consider the signal x(t) =- € ®u(-t). The Fourier transform X (jw) converges only for

a< 0 asshown in the following.
o 1

¥ jw+a

+¥ ) 0 _ _
X(jw)= ¢ e u(-t)e "Mdt= ¢ e e ]‘Mdt:;e'(lw’fa)t
¥ -¥ jw+a
The Laplace transform is
+¥ 0
X(S): (‘)‘ e»atu(_ t)e-Stdt:_ C‘ﬁ_ (S+a)'[dt
_¥ _¥
With s=s + jw we have

0 )
X(s +jw)=- g’ ® e Mdt
-¥

The above is the Fourier transform of - e © *u(-t) , and thus,
X(s + jw) =;_,s +a<0
(s +a)+ jw
orsince s=s + jw ands =Re{s}, we have
X(s) = i ROC: Re{g <-a
s+a
(iif) From (i) and (ii) is obvious that the analytical expresson X(s) of the Laplace transform of a
signa is NOT sufficient in order to determine the anaytical expression x(t) of the signd in

time. The ROC is also necessary.
(b) Theoutput y(t)of acausa LTI system isrelated to theinput x(t) by the differentia equation

d2y(t)  dy()

2 dt 2y(t) = X(t)
() Determine H(s) as a ration of two polynomials. By taking the Laplace transform in both
sides we get:
Y(s) 11 11
s?Y(S)- sY(9)- 2Y(9)=X(9)p —=Z=H(S)=———— or H(g)==— - =——
() - sY(s)- 2Y(s) = X(s) X(S (s) 526+ (s) 35 2 31l

(i) Determine h(t) .

Since we have no information about the ROC's, the factor li in time is ether the

3s-2
function %emu(t) or the function - %emu(- t) . Also, the factor %%1 in time is either the
s

function %e"u(t) or the function - %e"u(- t).
1. Thesystem is stable. In that case h(t) = - %emu(- t)+%e“u(t)

2 Thesystem is causdl. In that case h(t) = %e”u(t) +%e‘tu(t)



3. The system is neither stable nor causa. In that case h(t) =- —eZtu( t) - e 'u(-t) or

h(t)== e2tu(t) 3e tu(-t).

Answer 5

By taking the ztransform in both sides of the input-output relationship we end up with the following
expression for the ztransform of the system.

v 1+Ez'1
Y(2) - _sz xaw-ZWQn>(” H(z)=—3 b
X(2) 1- lz-l
2
1
H@)= i +% 1
1- =zt “1-=7°
2 2

Since we do not have any information about the ROC of the system's transfer function we have two
different possible functions for the system's impul se response as follows:

1. The system is causal so the transform

corresponds to the function (1) "u[n] . We dso
1- =z* 2
2

need to use the property that if the function x[n] has ztransform X(z), thefunction X[n- 1] has
z-transform z*X(z). In that case we have

-1
H@) =] — +5——P NNl =)+ )" "un- 1
1-=z*% “1- =71
2 2
2. Thesystemis anti-causal so the transform corresponds to the function - (E)”u[- n-1.
1- =z* 2
2
In that case we have
-1
H(2) = i o1 a b
1- 271 31.251
2 2

— & n-g- 2 - (- 1 - 1= AP - 1- 2y
hin]=-G)"u-n-4- =) u-(n- D- 1 =-G)"u-n-4- ZC)"ul-n]

The system is anti-causal because Hn] =0 for n3 0 and unstable because of the term (%)n that

becomesinfinitewhen n® +¥ .




