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1

Consider the discrete-time system with the following input-output relationship

. n]l—-x[n-1
i = 4= )
with x{n] the input of the system and y[n] the output of the system.
(i) I this system linear and time-invariant? Justify your answer.
[5]
(i) Find the impulse response h[n] of the system and express it compactly in a mathematical form.
Sketch the impulse response.
[3]
(iii) Find the step response s[n] of the system and express it compactly in a mathematical form.
Sketch the step response.
[5]
(iv) By performing the discrete time convolution y[n]=x[n]*h[n] find the output yln] of the
system when the input is given by
] n, n=0.12,34 @
X|n|=
0, otherwise.
Verify that the output is indeed the output expected from the filter defined in Equation (1)
above, when the input is the signal x{n] defined in Equation (2) above.
| (5]
(v) Consider a discrete signal x[n] with Discrete Time Fourier Transform X (e’®). Find the
Discrete Time Fourier Transform of the signal x[n—n,] with n; any integer.
[5]
(vi) Find the Discrete Time Fourier Transform of the signal x[n] defined in (iv).
(5]
(vii) Consider a discrete signal x[n] with z-transform X(z). Find the z-transform of the signal
x[n—n,] with n, any integer.
[5]
(viii) Find the z-transform of the output y[n] of the system defined in Equation (1) above, when the

input is the function x[n] defined in (iv).

[5]
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2.
(a) Consider a discrete, real and even signal x,[n] that is periodic with period N =7 and

2
fundamental frequency @, = ?ﬂ

(i)  Prove that the Fourier series coefficients ¢, of x,[n] given by

1 N-1 i
¢ =— in[n]e k(27w IN)n
n=0

are real and even.

[6]
(ii) Show that the coefficients c, are periodic with respect to k with period N =7.
[6]
(iii) Given that
as=1, ¢ =2, ¢;; =3,
determine the values of ¢ ;, ¢_,, ¢_3.
[6]

(Definition: A discrete signal x[n] is even if x[-n]=x{n]).

(b) Find the Discrete Time Fourier Transform of the discrete signal x,[n] =a"u[n],|a|<1, where

u[n] is the discrete unit step function defined as

1, n=0
uln]= )
0, otherwise.

; ; o 1 .
You may wish to use the relationship > x" = - if |x‘ <l1.
n=0 —X

[6]
(c) The input x[n] and output y[n] of a stable and causal linear, time-invariant system are related by
the difference equation
yl#] —% yln -1]+ % yln—=2]=-x[n].

Find the impulse response of this system.

(6]
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3.

(a) Consider a continuous-time signal x(#) which is sampled uniformly with sampling period T, to

e
obtain the signal x,(¢) = x(t) > 6(t —kT,), where S(t) is the continuous-time impulse function.
k=—oa
2R
. 1 i flot
(i) Prove that x (t) = ?x{r) e . [7]

5 k=—uo

(i) Prove that the Fourier transform of the sampled signal  x.(r) is

h=tea
X, (w) =% Z+X (wtkaw,), @, = %f-r— where X (w) is the Fourier transform of the original
5 k==c $
signal x(z) . (8]
(b) Consider a continuous-time signal x(¢) with Fourier transform X (@)=(1- Ia}' HIL( bt 5)
2z x10 47z x10™

where @ is the angular frequency and II(w) is defined as:
1 |o<05
[(w)=40.5 |ef=0.5

0 otherwise.

We sample x(t) uniformly with sampling period 7, to obtain the signal

x,() = x(t) 38t —kT,).

jra—
(i) How large can T, be and yet allow perfect reconstruction of the continuous-time signal
from its samples? [7]
(ii)  Sketch the Fourier transform of x,(f), X (@), assuming 7, = 0.1ms .

[8]
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(ii)

Find the analytical expression and the region of convergence (ROC) of the z-transform of
the discrete causal signal x{n]=a"u[n—1], with a real and u[n] the discrete unit step
function defined as
{1, n=0
uln]=

0, otherwise.

[6]

Find the analytical expression and the region of convergence (ROC) of the z-transform of
the discrete anti-causal signal x{n]=—a"u[-n], with a real and #[n] the discrete unit step
function.

(6]

i ; : . A5 | B
For parts (a) (i), (a) (ii) you may wish to use the relationship ). x" = o if | <1.
n=0 =%

(b) Consider a linear, time-invariant system with input x[n] and output y[n] related by the difference

equation

i) —%y[n—u +2y[n—2)==Tln].

Determine the impulse response and its z-transform in the following three cases:

@
(ii)

The system is causal.

The system is stable.

(ili) The system is neither causal nor stable.

[18]
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200l
Answer /:r
(i)  Yes, since if the inputs x[n] and x,[n] produce the outputs y,[n] and y,[n] respectively, the
input a,x,[n] + a,x,[n] will produce the output a,y,[n]+a,y,[n].
(ii) The impulse response of the system A[n] is defined as the output of the system when the input

Oln]—d[n—1]
2

is the impulse function o[n] . Therefore, h[n] = . This function is shown below:

hln]
A

112 }

0 I 1
(ili) The step response of the system s[n] is defined as the output of the system when the input is

uln] —uln-1] _ o[n]
2

. This function is shown

the unit step function u[n]. Therefore, s[n]=

below:
s[n]

124

(iv) This is defined as y[n]= Ex[k]h[n—k]. In that case x[k] is non-zero if 0<k<4 and

fe=—on
hn—k] is non-zero if 0<n-k<1=>-1<-n+k<0=>n-1<k<n. We may find three
separate cases for which the two intervals overlap, and therefore the convolution is non-zero.
1. The lower bound of the function x[k] lies within the bounds of the function Aln—k], ie.,
n-1<0<n=0<n<l.

In that case y[n]= fx[k]h[n -k]l= i%(é‘[n —k]-0n—k-1)k = %n . Therefore,
k=0

P
y{0]=0 and 1] =%.

2. The bounds of the function A[n—k] are included within the bounds of the function x[k],
n-1>0=n>land n<4,ie., l<n<4

no] ; . (n-1) n 1
In that case y[n]= —0[n-kl-0ln—-k—-1Dk=—"——+—=—.
yin] gn;-l 2( [n—k]—dln D T 55
3. The upper bound of the function x{k] lies within the bounds of the function h[n—k], i
n-1<d4<n=4<n<5=>n=5.

In that case y[5]= 5 x[kJH{5 — k] = [SIA[0] + x[4]A[1] = 5% . 4% =% .
f=—ca
Thus,



b~

o

0 n=0

yln] = % n=12345.
0 otherwise

x[n]+ x[n—1]

> we see that for the given function x{n] we can

From the relationship y[n]=

get y[n] as above, since:

_—I[OI—J’:[—H =0 y[l] :———;’CI'H_)CI—O'I = -l— etc
2 ’ 2 2"

v)  Yan-nle”?™ = Yxn- ngle /T ¢TI = eI X (e1?)

n=—= H=—ca

y[0]=

4 . . . . .
(vi) Yne = 42720 437 4477

n=1

(vii) X axln—-nylz" = Zx[n—no]z_("""”)z"HO =7 X(z)
<1 "o
=(z +2777 +377 +477H)——

Gty Pl Kl —s

2.
(a) Consider the discrete, real and even signal x[n] that is periodic with period N =7 and

2 : . .
fundamental frequency @, =—— . Suppose that the Fourier series coefficients of x(z) are ¢, .
N

. 1 N _i
i) c¢,=—2xlnk J@aliNom and also

N n=0
_ 1 =jk(ZTINIn _ IX 2 }ejk(Zﬂ:!N LN = [ Jk(2miNn _ _*
C, =— le[ nle = =n = Zx Je i
N a=—(N-1) N n=0
=i'~ixl[ -Ie—jk(Zfz.r‘N)( n) el _(NZ;), [__ }e—_;k(‘?frfﬁ)n a (% ) [ k—;h(Zm’N}n _C
N n=0 N n=0

(ii)

1 N-1 s 1 N1 o o
— le[n]e JUk+NY 22/ Nn il leln]e ;k(ﬁm‘N}ne j2m =8,
n=0 n=0

(iii) Since the Fourier series coefficients ¢, will be real and even. Given that
as=1, =2, ¢;; =3

Crin

determine the values of ¢_;, ¢_,, ¢_3.
c,=¢=¢5=1
C_,=C=Cg=2
C3=C3=C7=3
(b) Find the Fourier transform of the discrete signal x{n]= a"uln], |a| <l1.

In this case X (¢”)= Y. a"ulnle™ ™" = z( S . |a] <1
i 1-ae™™

(c) The input and output of a stable and causal LTI 9ystem are related by the differential equation
[n]——y[n = y[n 2]==x[n]

Find the impulse response of this system.

We take the Fourier transform in both sides:



o

Y(ef‘")—%e—f“’Y(eﬂ”)+ ée—zf”’Y(efw)=—X(ef“’) =

1«&”)_ =1 _ =1 -
X (™) I_Ee-wJ,%e—W (1—%{”")(1—%.9'”")
2 3
T P
(I—Ee”‘”) (I—Ee_”’)

] = [2%)" : 3(%)” i

3.
(a)(i) The continuous-time impulse train Y, d(¢ — kT) is a periodic function and therefore it can be
k==ca
T
. . ) . ) . . 1 2 _jkwyt 1
written using Fourier series. The Fourier series coefficients are ¢, =T_ fé' (e " dt =F 5
5 _.TL ¥
2

i 2
+ea jk-:;r'f

Therefore, x, (¢) = x(1) fé‘(r —kT,) = %—x(r) Se %
k=—es 5 k=—e

(ii) The Fourier transform of the signal e¢’“‘x(f) is X (j(®w—®,)) and therefore the Fourier

, k=tee
transform of the sampled signal x () is X.(e"‘“’)=L Y X(w+ko,), o, =2—E.
p i) ¥ ?- i 5 & T
Q

sk Bapsdl? el 27x10°,

(b)(i) The function TI(

3 1
) is equal to 1 if —54

47 x10° 47rx103

equal to % if Q=127%10° and 0 otherwise. Therefore, X (Q) has the form shown below.

X(Q)
A

v
o)

-27x10° 2 x10°

Based on the sampling theorem (called also Nyquist criterion) the sampling frequency must
be at twice the maximum frequency of the signal. In that case:

Q, =27f, 22(22x10°) = f, 22x10° = T, =figo.5x10'3

&
(ii) Based on the analysis given in the first section of this set of notes, the DTFT of x{n] has the

form shown below. The horizontal axis @ is the axis Q shown above, multiplied by
T, =107 sec
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4.
(a)(i) The z transform expression is

+oa B
X(2)=Ya"z"=3(az™)" -1
n=1 n=0

If Iaz" | <1, or equivalently, || > |a| , the above sum converges and

_ 1 __Z _4__a
X(z)—l_az_l l=——-1 Z_a,|z|>|a[
_|=a" n<0

x(”)_{o n>0

(ii) The z transform expression is

0 B doo
X(Z)=_ Zanzn=__za nzn
n=0

n=—eo

If |a "zi <1, or equivalently, |z <|a|, the above sum converges and

1 a

X(2)=- —= .
l-a7z z-a

[ <d

(b) y[n]-%y[ﬂ—l]+2y[n—21=—7x[n]:>Y(z)-%z'lY(z)+2z—2Y(z)=-7X(z)

= H(@)=—j i = 11 - —=
1__Z—l+2z—2 1__2-1 1_4Z
2 2
Causal h(n)= (%)”u[n] + 4" u[n]
Stable h(n)= (%)" uln]—4"u[-n-1]

Nether causal nor stable h(n)= —(%)" u[-n—1]+4"u[n] or

h(n) = -(%)’I u[-n=11-4"u[-n-1]



