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1.

Consider the cascade interconnection of three causal linear time invariant (LTI) systems, illustrated in
the following Figure 1. The impulse response A,[n] is

hyln)=u[n]~u[n 3],
where u[n] is the discrete unit step function defined as
{1, n=0
uln]= :
0, otherwise
The overall impulse response is as shown in Figure 2.
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(2) Show that the convolution of 4,{n] with itself is given by
hy[n]*hy[n] = 6[0]+ 26[1]+ 36[2] + 26[3] + 5[4]

6
(b) Find the impulse response A [n]. {7}
(c) Find the output of the overall system to the input
x[n]=6[n-1]-6[n-3]
where 8[n] is the discrete unit impulse function defined as
1, n=0
olnl = {0, otherwise
(7]

For part (a) use the fact that given two discrete signals x[n] and y[n] with finite durations of M and
N samples respectively, the convolution x[n]* y[n] is of duration M + N -1 samples.
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(a) Consider the signal x(¢) that is periodic with period I and fundamental frequency o, =-2?”—.
Suppose that the Fourier series coefficients of x(¢) are ¢, . Find the Fourier series coefficients of
the signal y(¢) = Ei%(t—tl . [2]
(b) Let x(¢) be a periodic signal whose Fourier series coefficients are
1 k=0
c, = 1 i
R ](-3—) , otherwise
() Is x(¢) real? 131
(i) Is x(¢) odd? 3]
(1) Is &) odd? [3]
dt
Justify your answers.
(c) Consider the signal w(¢) that is aperiodic. Find the Fourier transform of the signal y(¢) = i}:,—gtl
2]

(d) Find the Fourier transform of the signal v(¢) = e “u(r) . Assume that the real part of a is positive
and that u(¢) is the continuous unit step function defined as

{L 120
u(t)=

0, otherwise

2]
(e) The input and output of a stable and causal LTI system are related by the differential equation

LR0] +4iy-(t—tl+ 39(t) = 2x(2)

ar
(1) Find the impulse response of this system. [2]
(ii) What is the frequency response of the output of this system if x(z) = e™"u(z) ? [3]
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3.

The output y(¢) of a causal LTI system is related to the input x(¢) by the differential equation

d’y() @)
+2 + y(t)=x(t
% i y(t) = x(1)
(a) Determine the frequency response of the system, then find and sketch its Bode plots. [13]
() If x(t) =e>u(t), determine the output of the system in the frequency domain. (7]
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4.

(a) Consider an LTI system with input x(¢) = e “u(¢) and impulse response A(t) = e u(t).

(1) Determine the Laplace transforms of x(¢) and A(z) . (3]
(i1) From (i) find the Laplace transform Y(s) of the output y(¢) of the system. [3]
(iii) From Y(s) as obtained in part (B) determine y(r). [3]
(1v) Verify your result in part (iii) by explicitly convolving x(¢) and A(z). [3]

(b) (1) Consider a signal x(f) with Fourier transform X(j@) and Laplace transform X(s)=s+1,

Re{s} <1, with Re{s} the real part of s . Draw the pole-zero plot for X(s) on the s -plane.

Also, draw the vector whose length represents |X ( jco)’ and whose angle with respect to the
real axis represents ZX(jw) for a given o . [3]

(i1)) Repeat (i) for a signal y(¢f) with Fourier transform Y(jw) and Laplace transform
Y(s)=s5s-1, Re{s} <. 3]

(iii) By using the results of parts b-(i) and b-(ii) compare the amplitudes |X (jw)| and |Y(jw)|.
Also, compare the phases £X(jw) and LY (jw). [2]
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5.
(a) (i) Find the analytical expression and the region of convergence (ROC) of the z-transform of the

discrete causal signal x[n]=a"u[n], with a real and u[n] the discrete unit step function.
3
(i1) Find the analytical expression and the region of convergence (ROC) of the z-transform o} t%le
discrete anti-causal signal x[n]=—-a"u[-n—1], with a real and uf[n] the discrete unit step
function. [3]
(iii)Is the analytical expression X(z) of the z-transform of a signal sufficient in order to
determine the analytical expression x[n] of the signal in time? [3]

For parts a(i)-a(ii) use the relationship Y x" = ] ! , if |x’ <1.
=0

(b) Consider a discrete causal signal x[n], with x[r]=0 for » <0. Find the z-transform of the signal
x[n—m], m >0 as a function of the z-transform of the signal x[n]. [3]

(c) Determine the impulse response and the z-transform of the impulse response, for the LTI system
with input x[#] and output y[n] related with the difference equation

y[n]—%y[n—1]+§y[n—2]=x[n]

in the following two cases:
(i) The system is causal [4]
(i) The system is anti-causal (4]
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SIGNALS and SYSTEMS /SOLU.TlCYNS

Problem 1 Loe

(&) h,MmIxfhMmlz uMmlaunl-3uMmlxulyn-37+ uln-31% uin-3]
M1 unmi-2(m-2)uln-31+ -5 )Huln-61 =

"Y)*i ) "1:0)1,2,
%[“ﬂ): e\z[')’l]*‘ﬂz ['n]: 5—7), ﬁ—,:_}jlf)ﬁ'
¢, M=€,..
%[O]:l’ 3[1]: 2, 9 tal= 3, @[3]:.9’); gl4]=1

®©) hyinlxgini=z Kin]
" tolal vesporpse
= ﬁ,[n] sPeuld e\a»e. 3 mon-evo samples
£, 101, 141, B, (2] "

Using +he e XPTeSSLOY| B n= 7:9‘1 [K]%[?\—K] we tind
bhotol=1, A11=3, hi1a1=1

(cy» We may use the feQatLonsQi,p 5ln-vy 1k §Tn-wal = 8 In-Kk,-xz )

Bl = S[ml+ h3[nid+ 8 Spad + 10 8m3) + 8 Bnk] + & S[7-5) + Slap-él
x[mlz 3ln-1)-81nm-3]

%[w]:‘x[v\]x £ (1 = 51'11—1'[/] + 45;,11.-’2] + 8 8({m-3) 4405[7_1fl'r]
+ 88 [M-61+ 45(m-61+ 3lm-7] ~ 31n-3]- 481{m-41-86(m-5]
1080x-61- 85 0m-F1 -4 5{xm-8) - 5(~-a1 =

Eln-1] #48(n-2]1 + F6n-3] + 65(m-41 -65Im-¢61 -F65[n-%1]
~461m-81- 81ln-91
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Problem 2

(o)

(b)

(0
(d)

(e)

K= +00 .
xF)y= % o, e’“wd‘ =

Kz -0

: K=t ) | Kot
d"dﬁ:’ . (aK ,Kwo> el e
KZ-0

Ax(i’)

t

2 the funchion has Fourier series a, Ko

(i) Real implies +hat o = ol’(;< . Since HAis is nol
true x(+) is not ved]

(i) Odd implies rhat o, = -, - Simce tHhis is mol

tvue xCt) is mot odd
dx(t)
dt

are

Giiv) TRe Fourier Series of

‘ o Kz O
b"‘ = -;m
K ('—13-) Wo othevywise

s b, = 9X o odd

" d+

b

ytrz dxtr/dt = Y(wir=z jw X(w)

x(t) = e,‘at Ly

+cQ .
(J(h): J e.-at Q—Jwt dt = 1~
(o) Q-i-JLO
: . L : YGw) 1d
i a ) = b = ()= J =
(i) [(Jw) + 4w +3]Y(Jw) AX(Gw) =2 H{w) XG> © ToTrhors
= HGw) = 2 = ()‘(AJ*3)-(_',00+1) =
(ho +1)Gw+3) (jw+1) (uw+ 3D
= .1 - _4 =y \'\.(t): e-t ult) -6‘3{: U(t)
@ w3
(i) Y(Jw): ,R

(jw+1 )Gt 30
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Problem 3

(a) H(J(A)):' - ___—E_
()2 + A w1 (joo+1)
H'(jw): . = Hljw): ._1____ =
J(C'f', u (o 2
1J(h)
M Ger ! = 1 = > 20log [HGw)i=  20logM, () (4 -
‘“aljw)la

= A ‘2.010%“41 (\j(_;;)l
dHlw)= 2 $Hy (w)

1 Q+je ) - (e
(b)  X{w)= ' 5 Y{w)= _ "JA ) . J‘ ) ;
liw (ij)R (1+Jw) (Jw'f‘r) (l'ww)
_ 1 A 1 o (iwra)Guw+1) _
(i) - (ij)ana-_) (Jue)? bLwt) (uta)
:"‘."1”"'_'—.' - _‘] + '] =>
(JL'\HW)"R e+ Jw+

ot - -2t
(t) :(tet—et)u(t)+ e ulk)

Y(Jw) = H{juw) X (jw) => 20108 Y(w) = 20108,H(J'w) + 20105 X{jw)
IYGwdr= FHGwd+ ¥ X (jw)
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Problem 4

Yoo

(@) (i) X(s) = j e_t Q_St dt - L
2 S+1
H{s) = 1
5+3
Gi)y  Y(9)=z HI{s) X(5) = —-——L—
(5+3)(5+1)

5[643)-C: } _ .3t
Gity iy 236Gl ytrzo05€et u) -05¢7 utk)

(53 )(5+1)
> } s

[4

. ' ) . T -3 (-
(iv) y(v)= Jxrhterde = [ere? Y de
2 ?

0$T § too J,{‘ko
ost-v st > -wst-Ls0> ~wst st ;
t ) : £
‘ - : -3t 2% -3
lj(t): J I3 3% eu ol‘c = € 0.5 ¢ J = e
: 0
0

ybd= o.é“ét - 0.5¢

o A

(b) () A (i)

xvequired
vec
X l\)wt;‘{/

0.5 (e/:zl: ‘1) >

5 'St) t>0 = 4= o.Seaﬁu(t)—o.Sistud:)

O
A" 4

-1

Gi) XGw)= Y(w)
Ix(ur= 1 - 4Y(w)
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Problem 5

(@) (i) X(z)= of (az’ ') - z izl >l

Y,:o Z-Q

-1 +o .
(i) X(z)=- L alz2"1 = 1- Z (a"z))7 :_Z__)leial:
mn==-C n=o -

Gis) mo, since two fuqch(mf) may fave the same z transforms
but different ROC’s as im  6),(H)

(b) Y iml= xLn -m7]

Ylz)= x(e)z™™ + x(1) LT 4 = 27 X (2)
A ‘_ 1
(C’) H(Z): - : = 1 ]
. ; _ . -1 -
: 1-521*322 (1-52 )(1—%_2 )

(i) CAusAL SYSTEM

AG-327") 4B 0-3271 ) =1 5 AtB =1
—'ﬁ—gﬁzo:} S3A-2B8=0 = -3A-2(A-A) =0 =>>

-3A-2+42A=0= A=-2 , B=23

W(zy- 2, 3 , ROC =|z|>?’7r
1- 1,1 1-9.2‘1
4

{/_'RZC”ZH%S {R;wzi)%S

ney=[-2(3)7 4 3(L )7 Jutns

(3i) W(z) as m (i) ROC - \zl<%

netr=[2 (A1 -3 (2)1] uim-1]
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