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B.ENG. AND M.ENG. EXAMINATIONS 2002
For Internal Students of the Imperial College of Science, Technology and Medicine

This paper is also taken for the relevant examination for the Associateship.

PART II : MATHEMATICS 3 (ELECTRICAL ENGINEERING)

Wednesday 29th May 2002 2.00 - 5.00 pm

Answer EIGHT questions.
Answers to Section A questions must be written in a different answer book from answers
to Scction B questions.

[Before starting, please make sure that the paper is complete; there should be 7 pages, with
a total of 12 questions. Ask the invigilator for a replacement if your copy is faulty.]
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SECTION A [II(3)E 2002]
1. Show that the function
u(z,y) = sinzcoshy + 2coszsinhy

satisfies Laplace’s equation.

By integrating the Cauchy-Riemann equations directly, find the conjugate function
v(z,y) and hence show that w = u + iv can be expressed as

w = (1-2i)sinz + ic

where z = z + iy and c is an arbitrary real constant.

2. (i) Consider a complex function f(z) which can be written in the form

where g(2) has a simple zero at z = a.
Show that the residue of f(z) at z = a is 1/¢(a)-
If, instead, g(z) has a double zero at z = a, show that the residue at z = a is

gIlI (a)

l¢"(@)]*

2
3

1
fle) = a7
show that of the four simple poles lying on the unit circle, two are located in
the upper half-plane at

in/4 3in/4

z=¢e€ and z =€

By considering a semi-circular contour in the upper half-plane, show that

/°° d2

e T+l V2

Recall that the residue of a complex function f(z) at a pole z = a of multiplicity
™ 1s given by the ezpression

dm-—l

. 1 m
lim [ e S CRDRE O

z—a (m — 1)!
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[II(3)E 2002]
3. Consider the contour integral .
}[ e*dz
c z(z2+1)
where the contour C is a semi-circle in the upper half of the complex plane, with an
additional small semi-circular deformation below the pole at z = 0.

Use the Residue Theorem to show that

/°° sinz dx (e —1)
A .

z(z? +1) 2e

4. The tent function A(t), the sinc-function sinct, and the square wave I1(t), are defined
respectively by

1+¢t, ~1<t<0,
At) = 1-1¢, 0<t<1,
0, otherwise,

in(t/2

sinct = sin(t/ ),
(t/2)
and

_J L -1/2<t<1/2,
() = { 0, otherwise.

Show that the Fourier transform of II(t) is given by
I(w) = sincw
and the Fourier transform of A(t) is given by

A(w) = sinc®w.
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5. (i) The Laplace transform L{y(t)} of a function y(t) is denoted as
7) = L} = [ uiea.
Show that, for Re(s) > 0,
L{y(t)} = sy(s) —y(0),

L)} = s°g(s) - sy(0) - 9(0),
provided y(t) and y(t) vanish sufficiently fast as t — oco.
(i) A function y(t) satisfies the differential equation

i+ 3y + 2y = f(b),

subject to the initial conditions (0) = 0 and y(0) = «, a constant. f(t) is
a given function that is not specified here. Using a Laplace transform and the
Laplace Convolution Theorem, obtain the solution of this differential equation
in the form

y(t) = « (26—‘ - e_u) +/

0

ot

{e_(t"”) - e'z(t_”)} f(u) du.

6. If a function f(t) is periodic in time ¢ with fixed period T' such that f@)=rft-T)
with T > 0, show that for s > 0 its Laplace transform F(s) is given by

T
f(s) = L T)/o f(t) exp(—st)dt.

1 —exp(—s

If f(t) is the periodic square wave of period T'

{1, o<t<T/e,
f(t)“{o, T/2<t<T,

show that its Laplace transform f(s) is given by

0 = 3 (Tien )

8

Explain what happens in the limit T — oo.
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[I1(3)E 2002]

7. The double integral I, is given by

I, = //e_a(z2+y2)d:vdy,
A

where A is the finite region enclosed by the curve 2 + 4> = R2

Sketch the region of integration A and, upon using the substitution z = r cos 9,
y = rsin@ (polar coordinates), show that

v 2
I = —(1—eof),
1 a( € )

Calculate I%im I, and hence deduce the value of the integral
—00

+oo 2
I = / e % dx .

-0

Hint: relate I%’ to I;.

8. (i) Show that
div(curlA) = 0, curl(V¢) = 0

for a general three-dimensional vector field A and scalar field ¢.

(ii) Suppose that A satisfies the relation

curlA = JA

for some scalar \.

Prove the following results:
(a) divA = 0;
(b) VZA + A2A = 0;

_ curlA - curl(curlA)
() A = (curlA) - (curlA)

You may assume the vector identity: curl(curlA) = V(divA) — V?A.



(II(3)E 2002]
9. (i) Show that
/C {(:r2 + 2ay + 3y°)dz + (x? + 6zy + 2y2)dy}
is independent of the path C, joining the initial point to the final point.
Evaluate the integral for a path C from (0, 0) to (1, 2).
(ii) Let C be a circle in the z — y plane with centre at the origin and radius 1,

described in the counter-clockwise direction. Let R be the region inside the
circle.

Evaluate
j[C {(2z — y)dz + (z — 2y)dy }

(a) directly, and
(b) using Green's Theorem.

Green’s Theorem in the plane states that:

fc (Pdz + Qdy) = //R(Z—Cj—%l—;-) dzdy .

10. Consider a two-dimensional region R bounded by a closed piecewise smooth curve
C. Using Green’s Theorem in a plane (see below), choose the components of a vector
field v(z,y) in terms of P(z,y) and Q(z,y) to prove the two-dimensional form of

Stokes’s Theorem
// k.(curlv)d:cdy:?( v.dr (1)
R C

where r = i + yj.

If v = y?%i + 2%}, and R is the finite region bounded by the hyperbola y = 31;, and
the lines z = 1 and y = z, sketch the region R in the z — y plane and, by evaluating
the line integral on the right hand side of (1), or otherwise, show that

5
//Rk.(curlv) drdy = Th

Green’s Theorem in a plane states that for a two-dimensional region R bounded by
a closed, piecewise smooth curve C, then

jé;‘{P(m,y)dxﬁ—Q(x,y)dy} =//R (-{;—(j— %Iy:) dzdy.

PLEASE TURN OVER
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SECTION B (II(3)E 2002

(i) Events E| and F> are exclusive and E; and E3 are independent. Draw a Venn
diagram to illustrate the most general structure for these events. Suppose
that pr(E;) = p1, pr(E2) = p2, pr(E3) = p3 and pr(E; | E3) = p13. Express
pr(E2 | Es), pr(E1NE3), pr(Es | E1) and pr(Ey | E2) in terms of py, p2, p3 and pis.

(ii) The insulating material in a transformer is subject to three types of deterio-
ration, Dj, Do, and Dj. From extensive historical data, the probabilities
are well estimated as pr(D;) = 0.1, pr(D;) = 0.05, pr(D3) = 0.01, and
pr(DiU D) = 0.12. It is also known that D; and D3 occur independently, and
that Dy and D3 are exclusive. Compute the probabilities of the following states
of deterioration:

(a) D; and D3 both present;

(b) D; and D5 both present;

(¢) Dy, Dy and D3 all present;

(d) Dq present, given that D; is present;
(e) D; present, given that D3 is present.

(i) The discrete random variables X; and X3 have joint probability function p(z, z2)
and marginal probability functions p; (z;) and p2(z2), respectively. Write down
an expression that defines the expected value F(X;) and prove that
E(X; + Xa2) = E(X,) + E(X>).

(ii) The random variables X; and X are independent with distributions N (ui, of)
and N(u2, 03), respectively.

What are the distributions of X; + X2 and 2X; — 3X57?

(iii) The random variable X3 has mean u3 and variance o2, X; has mean p4 and
variance o and X3 and X, are correlated with correlation coefficient p. Cal-
culate the mean and variance of 2X3 — 3X4.

(iv) The energy requirements of two systems, which have to satisfy varying loads, are
random variables with distributions well-approximated by N(1.41, 0.11) and
N(1.11, 0.07). Because of other demands, which themselves vary randomly, the
available supply is distributed as N(3.66, 0.18). The two system requirements
and the supply are independent random variables.

What is the probability that the supply can meet the demand from the two
systems?

For part (iv) you may use the following table of values of the standard normal dis-
tribution function.

T 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
®(x) 0.5000 0.5398 0.5793 0.6179 0.6554 0.6915 0.7257 0.7580 0.7881 0.8159
z 1.0 1.1 1.2 1.3 14 1.5 1.6 1.7 1.8 1.9
®(x) 0.8413 0.8643 0.8849 0.9032 0.9192 0.9332 0.9452 0.9554 0.9641 0.9713
z 2.0 2.1 2.2 2.3 24 2.5 2.6 2.7 2.8 2.9
®(z) 0.9772 0.9821 0.9861 0.9893 0.9918 0.9938 0.9953 0.9965 0.9974 0.9981

END OF PAPER
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SESSION :  2001-2002 -
Please write on this side only, legibly and neatly, between the marging L \ ‘ ?UESHON
SOLUTION
23
(1) Venn diagram - as seen r‘ ‘9 Z
pr(E; | E3) = p2 \
pr(Ey N E3) = p13ps !
pr(Es | Ev) = pisps/py !
pr(Ey | E2) =0 |
(i) (a) prob= pr(D;) x pr(D3) = 0.001; I
(b) prob= pr(D1n D2) = pr(D;) + pr(D2) — pr(D1U D2)
= 0.1+ 0.05— 0212 = 0.03; 2
(¢) pr(D;y N D, N D;) = 0 since Dy and Dj exclusive; 2
(d) pr(Dy | Dy) = pr(D2 N Dy)/pr(Dy) = 0.03/0.1 = 0.30; 2
(e) pr(D; | D3) = pr(D;) = 0.1, since independent [
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EXAMINATION QUESTION / SOLUTION EEZ ( 3)
SESSION :  2001-2002 -
E \ l QUESTION
Please write on this side only, legibly and neaty, between the margins 2
’ SOLUTION

34

(i) Expression: E(X;) = ¥, z1p1(21) ]

Proof: E(X; + X3) = ¥4, ,(%1 + 2)p(21, T2) |

= Ya, 25 T12(21, T2) + Ls, 2, T2P(T1, T2)

= %o, 2191(31) + T, Topa(22) = E(X1) + E(X2) 2

(i) N(p1 + p2, 07 + 03)

N(2u; — 3y, 402 + 903) 2
(iii) mean=2uz — 34

variance= 40% — lépa3a4 + 90% 3

(iv) prob = pr(Supply>Dem1l+Dem?2),

where Supply—(Dem1+Dem?2) is N(1.14,0.36), A

so prob = 1 — &(1.14/0.6) = 1 — $(1.9) = 0.0287 2.
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