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1. Find the stationary points of
flz,y) = y(z -2 +9y* -y
and determine their nature.

Sketch the contours of the surface z = f(z, ).

2. (i) If 2= f(y/x), show that

0z Oz

(i) The volume V of a cylinder with radius r and height A is given by V = nr2h.

Find the approximate change in volume when the radius increases from 5cm to
5.02cm and the height decreases from 10cm to 9.9cm.

PLEASE TURN OVER
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3. Given the semi-circle

22 4+ y? = a2 (y > 0)
and the curve
y = tancz,
show graphically that the equation
tanz = + Va? - 22

has exactly one root if 0 <a < 7/2 butif r <a< 3m/2 has three roots, of which
two are positive.

If a =4, use the Newton-Raphson method to find both positive roots correct to
four decimal places, taking as a first estimate 1.5 for the smaller root and 3.7 for the
larger root.

4. Let vy = (1, -2, —1), Vo = (4, 5, 4), v3 = (O, 8, 5)
(i) Compute vy x v3 , and verify that v; - (va x v3) = 1.
(i1) Let wq = vy X V3, W2 =v3 X v, wW3=vU] X V3.
Show that
{ 1 if i=j,
'vi-wj =

0 if i#j.

(ili) Express each of wo x w3, w3 x wy, wj x wy in terms of v, vy, v3.
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9. Consider a plane P given by the equation
TH+y+z=10
and a line L given by
(z,9,2) = (-1, -3,4) + s(1,0,0).
(i) Find the point of intersection between L and P.
(ii) Find the minimum distance from the point (1, 0, 0) to the plane P.

(i) Find an equation for the plane Q which contains the line L and is perpendicular
to the plane P.

6. Let

f
N~ B
N OO

(i) Compute A% and A3,

Verify that

A% — 342 4 47 = ¢

where

—~
i
OO =
o = o
OO

(ii) Determine scalars b, ¢, for which

A2 + bA 4+ ¢ = 0.

(iii) Using (ii), or otherwise, determine scalars p, g, for which

Al =pl + gA.

PLEASE TURN OVER
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7. (i) Show that the substitution u = z + y reduces the differential equation

d
e¥ (ﬁ + 1) ="

to the form

Hence find the solution y = y(z) for which y(1) = 0.

(ii) Find the solution of the differential equation

dy 2
dm+y_y

1
satisfying y (0) = 3

1
Hint: put y=-.
v

8. (i) Solve the differential equations

dy z
d = = ——,
an o »

dy Y
dz T

Show that the two families of solutions are orthogonal because whenever two
curves from each family intersect, they do so at right angles.

Draw curves in the zy plane to represent these families.

(ii) Solve the differential equation

dy 2
rT—2 — y = 1) = 2,
l Y ) y()

using the integrating factor method, or otherwise.



[I(2)E 2004]

9. (i) Find the general solution to the differential equation

d*y dy z
@+6a;+9y—€.

(ii) Find the general solution to the differential equation

d2
d—x‘z + 4y = 5cosz + sin2r.

10. Show that the Fourier expansion of the function

I+ (z/m) , -7<z<0,
fz) =
1—(z/m) , 0<z<m,
in the range —nm<x<7is
1 1 1
flz) = 3 %(cosm + 3—200s3w + 5—200551 + ) .

Sketch f(z) over the range —37 < z < 3.

Use the above result to deduce that

2 hd 1
I Z (2r—1)2 "

r=1

END OF PAPER
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