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1 (a) The equation describing aerodynamic sound generation in the presence of an external
force distribution is

0 sy 0Ty O
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where for an inviscid fluid T;; = pu;u; + (p — ¢gp)di; is the quadrupole distribution and f;(x, t)
is the external force per unit volume.

Show that the far-field sound generated by a compact distribution of quadrupoles and

forces is . .
:ni:ijZ-j(t— 1x|/co) | ziFi(t — |x|/co)
4r|x|3c} dmed]x|?
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where

Sy(t) = / Ty, 0)dy  Fi(t) = / fily. 1y dy .

[You may use the fact that the free-space Green’s function in three dimensions is

5t — [xI/e0)

4 |x|
A small body of characteristic size [ is placed in a flow of characteristic speed u. Show

how the far-field sound scales with u/cy.

(b) An unsteady source of strength ¢(t) located at the point y = y(¢) produces an acoustic
field

/ Q(T)
px,t: )
0 = i = M=~ y()]

where 7 is the emission time and M, is the Mach number of the source motion in the observer
direction at emission.

Consider a point source which rotates with constant angular velocity {2 in a circle of
radius a in the plane z = 0, so that the coordinates of the source are (a cos ¢, asin Qt,0). Show
that the acoustic density fluctuation in the far field is

q de
4rcdQlx| dt

where

0—72r+@:9<t—|x|>+ Qar 6

and r, 0, z are the polar coordinates of the observer.
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2 (a) Consider the Sommerfeld problem of diffraction of a plane wave by a sharp edge, i.e.
solve

(V2 +kg)o =0

subject to
99 09¢;
oy + oy

=0 ony=0,2<0,
where
¢; = exp(ikox cos by + ikoy sin Oy + iwt)
is the incident potential, ¢(z,y) exp(iwt) is the scattered potential and kg = w/cg.

Find an expression for the far-field scattered potential, comprising diffracted and geomet-
rical optics components. You need not consider the details of the Fresnel regions, and you may
quote without proof the result

1/2
/ f(k) exp(—ikr cos§ — ~r|sin 0|)dk ~ <2k:07r> f (ko cos 0)|sin 0| exp(—ikor + im/4)
T r

as r — oo, where v = \/k% — k:g, and I' is the steepest descent contour, which crosses the real
k axis at k = kgcosf and k = kg secf.

(b) Define ¢(r|r;), i = 1,2, to be the potential at r due to a unit monopole source at r;,
i.e.

(V2 + k) p(rfrs) = o(r —17) ,
subject to the boundary condition
0
a(r)g(rri) + B(r) 7 - d(rlr) =0 (1)
on the closed surface S, where 9/0n denotes the normal derivative on S. Show that
¢(r1ra) = ¢(rafri) .

Now suppose that 1(r|ry) satisfies

chv.(fw) + k3p = 6(r —ry) ,

where f(r) is a known function, subject to boundary condition (1). What equation and
boundary condition must ¢ (r|rz) satisfy in order that

p(ralr1) = ¥(ri|ra) ?
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3 (a) Show that Burgers equation
dg  9q _ 9%q
ok B S
oz 100 ~ “002
can be transformed into the diffusion equation

o _ 0%

oz ~ o002
by the transformation ¢ = 2ey /1.

Starting from the general solution of the diffusion equation

_ 1 > / (9/ B 9>2 /
Y(6.2) = (4meZ)1/2 /_oow(e 0) exp <_ 1z )Y
use the initial data N
-y q;(0 —0,)
¢<67 0) - j:1 eXp ( 26 )

where q1 < ¢2 < .... < qn, to derive a solution of Burgers equation. Describe the case N = 2,
and for general N find the behaviour as Z — oo.

(b) Consider a linearly polarized, time-harmonic electromagnetic wave with electric field
transverse to the z-axis and aligned with the y-axis (so E = §FE,), propagating in an isotropic
and inhomogeneous medium with permittivity e = €(z) and permeability p = u(z).

Derive the Helmholtz equation for the y component of the electric field E, and the z
component of the magnetic field H,.

(c) Now assume that the medium has constant permeability and that the wavenumber
k(z) = (w?pe)'/? is given as a function of a known medium profile as

2
k2 (2) = kin®(z) = k2 <a2 - (z—bzo)2> , (2)

where a, b and 2y are arbitrary constant. Consider a TE wave obliquely incident upon the

medium: o
Ey(iL‘, Z) — ey(z)e—zkzo sin fpx

Derive the solution e,(2).

[Use the known result that the differential equation

2 2
d*W (52—4V_1)W:0 3)

dz? + 422

has solution

W(=) = V22, (82)

where Z,(5z) is a Bessel function./
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4 Consider a time-harmonic acoustic wave ¥ with wavenumber k£ propagating in a random
medium with refractive index

n = 14uW(x,y,z), with W=0for <0, (4)

where p is a constant, and W is normally distributed and stationary in y and z, with < W >=0
and < W2 >=1.

(a) Under the assumption that propagation is mainly in the forward direction, at a small
angle to the horizontal x, so the parabolic equation holds for the reduced wave E(x,y, z), derive
an evolution equation for the second moment of the field

mg(l') =< E(waylvzl)E*(xvy%ZQ) >

(b) Write the solution for the second moment ma(z) at an arbitrary value of x, due to a plane
wave normally incident on the plane at = = 0.

Assuming now that the medium is d-correlated in the direction of propagation z, i.e.
< W(z1,y1, 21)W (22,92, 22) >= 0(21 — 22) < W(y1,21)W(y2, 22) >, (5)

and isotropic in the (y, z) plane, express this solution in terms of the power spectrum of the
medium.

[ You will need to use the following result:
If
Flomw) = / / F(n, Qe O dndc (6)

and the kernel is isotropic, i.e. f(r,0) = f(r) in polar coordinates (r,0), the following applies:
F(vy,ve) = F(v) = /000 f(r)Jo(vr)rdr ,  where v =|(vy,v¢)|, (7)

together with the inverse transform
flv)= /000 F(v)Jo(vr)vdy . (8)

Here Jyo(z) is the zeroth-order Bessel function, with Jy(0) = 1.]

(c) Derive the Rytov approximation for v, to first order, and use it to write an expression
for the first moment of the field < ¢ >
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5 Consider a time-harmonic plane wave t;(r) = e’*07T incident on a finite, extended

inhomogeneity with refractive index n(r), embedded in free space, where r = (z, y, 2).

(a) Find a solution for the scattered field 1s(r), using the first order Born approximation .
[Use the following representation of the Green’s function # as a spectrum of plane waves:

ikr ; oo o0
€ _ Zk/ / le“f[p(ﬂcw"’)Jrqr(y*y’)er(z*"’l)]alpdq (9)
r 2 —00J—00 M
where
(1—p2—¢®)Y2  when (P*+¢*) <1
ip2+q2—1) when (p*+¢°) > 1
and p, q, € R]

(b) Consider now the inverse problem of finding n(r) from the knowledge of the scattered
field 14(r) at two values of z either side of the inhomogeneity.

Solve this inverse problem by using the expression obtained in (a) for ¥,(r) to write the
2D Fourier transform of V(r) = —ko(n(r) — 1) in terms of the 2D Fourier transform of v(r).

(c) The result obtained in (b) cannot be obtained with (p? + ¢%) > 1. Comment on the
physical significance of excluding this case.

Comment on the range of validity of this approximation, as it relates both to the steps
needed in the theoretical model to achieve the solution, and to the numerical implementation
needed, which will require approximation of the Fourier transforms with discrete, finite sums.

(d) Give at least one reason why this inverse problem is ill-posed, and give an explicit
expression for a suitable Tikhonov functional that can be used to regularise this problem.

END OF PAPER

Paper 88



