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THE STANDARD MODEL

Attempt THREE questions.

The questions are of equal weight.

You may not start to read the questions

printed on the subsequent pages until

instructed to do so by the Invigilator.
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1 For φ = (φ1, . . . , φn) a real multi-component scalar field, then assume a potential
V (φ) is invariant under the action of a continuous groupG, so that for any g ∈ G,
V (gφ) = V (φ). Suppose φ0 6= 0 is a particular φ for which V has its minimum. Describe
how the unbroken subgroupH ⊂ G may be defined and explain how there are in general
dimG− dimH massless modes.

[You may assume that if V (φ0
′) = V (φ0) thenφ0

′ = gφ0 for some g ∈ G.]

If G is now a local gauge group, with Aµa, a = 1, . . . ,dimG, the corresponding
gauge fields,the associated Lagrangian is

L = 1
2 (Dµφ)TDµφ− 1

4F
µν

aFµνa − V (φ) ,

where Fµνa is the associated field strength, Dµφ = ∂µφ + gAµaTaφ with Ta matrix
generators of G, Ta

T = −Ta. Explain why we may impose the condition φTTaφ0 = 0.
Show how the gauge fields have masses defined by the matrix g2(Taφ0)TTbφ0 and that
dimG − dimH gauge fields have a non zero mass. Verify also that there are now no
massless scalar fields.Briefly describe the relevance of these considerations to the standard
model.

Paper 63



3

2 In the standard model the interaction of the neutral vector Z with fermion fields
ψ is described by

LI =
g

2 cos θW
Jµ

nZµ ,

where the neutral current is given by

Jµ
n = ψγµ

(
(1− γ5)T3 − 2 sin2 θWQ

)
ψ ,

with T the generators of SU(2)T acting on ψ and Q the associated charge matrix. For
the leptonic decay Z → `¯̀ show that Jµ

n = ¯̀γµ(cV − cAγ5)` where for ` = e,cV =
2 sin2 θW − 1

2 , cA = − 1
2 and for ` = νe, cV = cA = 1

2 .Assuming

〈0|Zµ(0)|Z(p)〉 = εµ(p) ,
∑

Z spins

εµ(p)εν(p)∗ = −gµν +
pµpν

m 2
Z

,

show that forM the amplitude for Z → `¯̀and neglecting any lepton masses,
∑

spins |M|2 =
g2(cV2 + cA

2)m 2
Z/ cos2 θW .Hence obtain, for GF /

√
2 = g2/(8m 2

W ),

ΓZ→`¯̀ =
GF√

2
m 3

Z

6π
(cV2 + cA

2) .

[
The formula for the decay width of a particle with mass m is

Γ =
1

2m

∑
X

(2π)4δ4(p− pX) |〈X|LI |p〉|2 ,
∑
X

=
∏

momenta

∫
d3p

(2π)32p0

∑
spins

.

You may also use tr(γαγβγγγδ) = 4(gαβ gγδ + gαδ gβγ − gαγ gβδ).
]
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3 For a hadron H of momentum P , P 2 = M2, represented by the state |P 〉 define

Wµν(q, P ) =
1
4π

∑
X

(2π)4δ4(P − pX − q) 〈P |Jµ|X〉〈X|Jν |P 〉

=
(
− gµν +

qµqν

q2

)
W1 +

(
Pµ − P ·q

q2
qµ

)(
P ν − P ·q

q2
qν

)
W2 ,

where Jµ =
∑

f Qfqfγ
µqf is the electromagnetic current.If ν = P ·q, x = −q2/2ν and for

W1 = F1(x,−q2), νW2 = F2(x,−q2) show that as −q2 →∞ with suitable assumptions,

F1(x,−q2) ∼ 1
2

∑
f

Q2
f

(
qf (x) + qf (x)

)
, F2(x,−q2) ∼ x

∑
f

Q2
f

(
qf (x) + qf (x)

)
.

Explain briefly why we may expect∫ 1

0

dx
(
qf (x)− qf (x)

)
= Nf ,

where Nf is the number of quarks of type f in the hadron H.If only u, d quarks are
relevant, so that qf = 0, and F proton

2 ,F neutron
2 are the functions for H corresponding to a

proton, neutron what are the values of the integrals∫ 1

0

dx
x
F proton

2 (x,−q2) ,
∫ 1

0

dx
x
F neutron

2 (x,−q2) ,

as −q2 →∞.

[γµγλγν = gµλγν + gνλγµ − gµνγλ + iεµνλκγκγ5.]

4 What are the quantum numbers of the quarks and leptons for one generation in
the standard model under the gauge group SU(3)colour × SU(2)T × U(1)Y ? Show that if
Q = T3 +Y , where T are the generators of SU(2)T and Y is the generator of U(1)Y , then
the eigenvalues of Q give the correct charges for the quarks and leptons. Due to anomalies
the following constraints must be imposed,

trL

(
T3

2Y )− trR

(
T3

2Y ) = 0 , trL

(
Y 3)− trR

(
Y 3) = 0 .

where trL, trR denote the traces for the generators acting on left handed, right handed
fermion fields respectively. Show that, for the usual representations of SU(2)T × U(1)Y ,
trR

(
T3

2Y ) = 0 and also that trL

(
T3

2Y ) = 1
4 trL

(
Y ) = 1

4 trL

(
Q). Hence verify that the

first condition is satisfied for each generation independently. Show further that the second
condition holds.
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5 Show how QCD for mu = md = 0 has a chiral SU(2) × SU(2) symmetry where if

q =
(
u
d

)
then qR → AqR, qL → BqL for A,B ∈ SU(2). Let Vij = qLjqRi. How does this

transform? If
〈0|Vij |0〉 = −v δij , v real, v > 0 ,

what is the symmetry reduced to? Describe in outline how this leads to massless
pions. Assume that at low energies the pion fields π = (π1, π2, π3) determine a matrix
U(π) = exp(iπ·τ/F ) ∈ SU(2) which transforms under a chiral transformation as
U(π) → AU(π)B−1. Show that, for up to two derivatives, there is then a unique
Lagrangian for massless pions, invariant under chiral SU(2) × SU(2) symmetry, of the
form

Lπ = 1
4F

2tr
(
∂µU(π)†∂µU(π)

)
= 1

2 ∂
µπ·∂µπ + . . . .

In QCD show that a mass term for the u, d quarks may be introduced by

Lm = −tr
(
M(V + V †)

)
, M =

(
mu 0
0 md

)
, mu,md > 0 .

An equivalent Lagrangian Lπ,m for the pion fields may be constructed by letting V →
−vU(π). By expanding Lπ,mto second order determine the expected mass for the pions.
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