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1 Let £ be a Lie algebra. Define the adjoint representation ad of £ acting on £ and
prove that ad is a representation. Define the Killing form x of £ and prove that

"’i([X?Y]?Z) - K“(Xv [Y7 ZD

for X,Y,Z € L. Let cqp? be the structure constants of £, and let cope = Cap?keq. Show
that cgpe is totally antisymmetric in a, b, c.

Suppose that L is simple and of compact type. Prove that the adjoint representation
ad is irreducible. Let d be an anti-hermitian irreducible representation of £ acting on a
vector space V' (dim V' > 1). Define

H(X,Y) =Tr (d(X)d(Y))
B(X,Y,Z) = Tr (d(X)d(Y)d(Z))

for XY, Z € L. Show that
H([X,Y],2) = H(X,[Y, Z])
and prove that in an adapted basis for £ in which k4, = —dap
Hap = —p1ap

for constant pu. Show that p > 0.
By considering B([X, Y], Z, W), prove the identity

CdaeBbcf + CdbeBcaé + CdceBabE =0.
Also show that B satisfies the identity
1
Camannb = _§M5ab

where indices are raised with the inverse of the Killing form.

[You may use without proof Schur’s Lemmas.]
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2 The non-vanishing commutation relations for a finite dimensional antihermitian
representation d of the complexified £(SU(3)) algebra are

1 1
[H17E:1t] = j:Ezll: ) [HlvE:QI:] = :|:§E:2I: ) [H17E?I:] = iiES’t )
3 3
[Hy, EL] =0, [Hy, B3] = i‘gEi : [Hy, B3] = i\Q[Ef’t ,
and
V3 1 V3 1
[E}r’Ei] =M, [Ei,EE] = 7H2 - §H1 ) [Ei?E?l] = 7H2 + §H1 )
and . X
E17E2 :7E3 ) E17E2 :_7E3 )
[ + +] \/5 + [ — —] \/i —
1 1
1 ;3 2 1 3 2
[E+7E—] = _EE_ 5 I:E_,E+] - EEJ’_ s

1 1
E% E}| = —E! | E? E3|=-—FE. ,
[E%, EZ] 7 [EZ, EX] o
where iHy,iHy,i(ET + E™), BT — E™ are the antihermitian £(SU(3)) generators in the
representation d. Show how this algebra contains three complexified £(SU(2)) algebras.
Define the weights associated with this representation, and determine the effect of the
raising and lowering operators on the weights.

Suppose that d is irreducible. Define the highest weight state of the representation
d. Draw examples of the different types of weight diagrams which can arise. Describe the
symmetries of these diagrams, and how the form of the diagrams depends on the location
of the highest weight. State (without proof) the rules governing the multiplicities of states
in the diagrams.

(i) State the weights associated with the u, d, s quark states in the fundamental
representation 3, and also compute the weights associated with the adjoint representation.
Draw the weight diagrams.

(ii) Using L£(SU(3)) weight diagrams, derive the decomposition of the tensor product
3 ® 3 ® 3 into L(SU(3)) irreducible representations. [It is not necessary to find explicit
expressions for the wave functions in terms of u, d, s.]

(iii) Using L£(SU(3)) weight diagrams, decompose 3 ® 8 into L£(SU(3)) irreducible
representations.

[You may assume without proof any properties of representations of L(SU(2)).]
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3 Let G be a Lie group with Lie algebra £(G). Let D, be the adjoint covariant
derivative acting on ® € L(G) via

D,® = 0,8+ [A,, @]

where A, is the Yang-Mills potential. How does A, transform under the action of G?
The Yang-Mills field strength F is
Fo=0,A, —0,A,+ A, A .
Prove that F transforms as ' — F’ = gF g~ ! under the action of G. Show that F satisfies
the Bianchi identity
D,F,,+D,F,, +D,F,, =0.

Suppose that £(G) is semi-simple with Killing form x. Define the Yang-Mills action

1 v
SYM = 462/d4$ H(FMV,FM ) .

Derive the Yang-Mills field equations. Consider the #-term action given by
Sy = 0/(14:5 e"PIR(Fuy, Fpo)

for constant #. Determine the field equations of the action S = Sy + Sp.

Suppose that F' satisfies the Yang-Mills equations. Show that F' satisfies

DPD,F,, =2[F,, F,,] .

[For the purposes of this question, you may assume the identity

K“([X> Y],Z) = K(Xa [K Z]) ]
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4 Give an account of the theory of unitary representations of the Poincaré group.

You should prove how the Pauli-Lubanski vector W, of a representation d of the
Poincaré algebra, and the “little group”, can be used to classify the representation in
terms of timelike or null 4-momenta of physical interest, giving a detailed description of
both cases.

[For the purposes of this question, you may assume without proof the Poincaré
algebra:

[le’ Mpo] —_ i(M‘anp 4 MVﬂnHU _ M“pn”" _ M”"n“p)
[P*, M??] = in®* P7 — i P?
[P*,P"] =0

and the following commutation relations involving W

(W, d(P,)] =0, (W, d(Mpe)] = inupyWo — inueW,

You may also assume that a unitary representation D of the Poincaré group acting
on a vector space V' gives rise to a representation d of the Poincaré algebra related via

D(g*%(buP“rwwM“")) — o~ 3 (bud(P")Fwpy d(M"Y))

for real b, and skew-symmetric real w,,, and d(M,,) and d(P,) are hermitian.]

END OF PAPER
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