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1 Let L be a Lie algebra. Define the adjoint representation ad of L acting on L and
prove that ad is a representation. Define the Killing form κ of L and prove that

κ([X, Y ], Z) = κ(X, [Y, Z])

for X, Y, Z ∈ L. Let cab
d be the structure constants of L, and let cabc ≡ cab

dκcd. Show
that cabc is totally antisymmetric in a, b, c.

Suppose that L is simple and of compact type. Prove that the adjoint representation
ad is irreducible. Let d be an anti-hermitian irreducible representation of L acting on a
vector space V (dim V > 1). Define

H(X, Y ) = Tr (d(X)d(Y ))
B(X, Y, Z) = Tr (d(X)d(Y )d(Z))

for X, Y, Z ∈ L. Show that

H([X, Y ], Z) = H(X, [Y, Z])

and prove that in an adapted basis for L in which κab = −δab

Hab = −µδab

for constant µ. Show that µ > 0.

By considering B([X, Y ], Z,W ), prove the identity

cda
`Bbc` + cdb

`Bca` + cdc
`Bab` = 0 .

Also show that B satisfies the identity

ca
mnBmnb = −1

2
µδab

where indices are raised with the inverse of the Killing form.

[You may use without proof Schur’s Lemmas.]
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2 The non-vanishing commutation relations for a finite dimensional antihermitian
representation d of the complexified L(SU(3)) algebra are

[H1, E
1
±] = ±E1

± , [H1, E
2
±] = ∓1

2
E2
± , [H1, E

3
±] = ±1

2
E3
± ,

[H2, E
1
±] = 0 , [H2, E

2
±] = ±

√
3

2
E2
± , [H2, E

3
±] = ±

√
3

2
E3
± ,

and

[E1
+, E1

−] = H1 , [E2
+, E2

−] =
√

3
2

H2 −
1
2
H1 , [E3

+, E3
−] =

√
3

2
H2 +

1
2
H1 ,

and
[E1

+, E2
+] =

1√
2
E3

+ , [E1
−, E2

−] = − 1√
2
E3
− ,

[E1
+, E3

−] = − 1√
2
E2
− , [E1

−, E3
+] =

1√
2
E2

+ ,

[E2
+, E3

−] =
1√
2
E1
− , [E2

−, E3
+] = − 1√

2
E1

+ ,

where iH1, iH2, i(Em
+ + Em

− ), Em
+ −Em

− are the antihermitian L(SU(3)) generators in the
representation d. Show how this algebra contains three complexified L(SU(2)) algebras.
Define the weights associated with this representation, and determine the effect of the
raising and lowering operators on the weights.

Suppose that d is irreducible. Define the highest weight state of the representation
d. Draw examples of the different types of weight diagrams which can arise. Describe the
symmetries of these diagrams, and how the form of the diagrams depends on the location
of the highest weight. State (without proof) the rules governing the multiplicities of states
in the diagrams.

(i) State the weights associated with the u, d, s quark states in the fundamental
representation 3, and also compute the weights associated with the adjoint representation.
Draw the weight diagrams.

(ii) Using L(SU(3)) weight diagrams, derive the decomposition of the tensor product
3 ⊗ 3 ⊗ 3 into L(SU(3)) irreducible representations. [It is not necessary to find explicit
expressions for the wave functions in terms of u, d, s.]

(iii) Using L(SU(3)) weight diagrams, decompose 3 ⊗ 8 into L(SU(3)) irreducible
representations.

[You may assume without proof any properties of representations of L(SU(2)).]
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3 Let G be a Lie group with Lie algebra L(G). Let Dµ be the adjoint covariant
derivative acting on Φ ∈ L(G) via

DµΦ = ∂µΦ + [Aµ,Φ]

where Aµ is the Yang-Mills potential. How does Aµ transform under the action of G?

The Yang-Mills field strength F is

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] .

Prove that F transforms as F → F ′ = gFg−1 under the action of G. Show that F satisfies
the Bianchi identity

DµFνρ + DνFρµ + DρFµν = 0 .

Suppose that L(G) is semi-simple with Killing form κ. Define the Yang-Mills action

SY M =
1

4e2

∫
d4x κ(Fµν , Fµν) .

Derive the Yang-Mills field equations. Consider the θ-term action given by

Sθ = θ

∫
d4x εµνρσκ(Fµν , Fρσ)

for constant θ. Determine the field equations of the action S = SY M + Sθ.

Suppose that F satisfies the Yang-Mills equations. Show that F satisfies

DρDρFµν = 2[Fµ
ρ, Fνρ] .

[For the purposes of this question, you may assume the identity

κ([X, Y ], Z) = κ(X, [Y, Z]) .]
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4 Give an account of the theory of unitary representations of the Poincaré group.

You should prove how the Pauli-Lubanski vector Wµ of a representation d of the
Poincaré algebra, and the “little group”, can be used to classify the representation in
terms of timelike or null 4-momenta of physical interest, giving a detailed description of
both cases.

[For the purposes of this question, you may assume without proof the Poincaré
algebra:

[Mµν ,Mρσ] = i
(
Mµσηνρ + Mνρηµσ −Mµρηνσ −Mνσηµρ

)
[Pµ,Mρσ] = iηρµPσ − iησµP ρ

[Pµ, P ν ] = 0

and the following commutation relations involving W

[Wµ, d(Pν)] = 0, [Wµ, d(Mρσ)] = iηµρWσ − iηµσWρ .

You may also assume that a unitary representation D of the Poincaré group acting
on a vector space V gives rise to a representation d of the Poincaré algebra related via

D(e−
i
2 (bµP µ+ωµνMµν)) = e−

i
2 (bµd(P µ)+ωµνd(Mµν))

for real bµ and skew-symmetric real ωµν , and d(Mρσ) and d(Pµ) are hermitian.]

END OF PAPER
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