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1 The Dirac equation is
(i γµ∂µ −m)ψ = 0

where the gamma matrices are given in the chiral representation by,

γ0 =
(

0 12

12 0

)
, γi =

(
0 σi

−σi 0

)

Here σi are the Pauli matrices and 12 is the unit 2× 2 matrix.

a) Show that these matrices satisfy the Clifford algebra

{γµ, γν} = 2 ηµν 14

where ηµν is the Minkowski metric.

b) Show that the each component of the spinor ψ(x) satisfies the Klein-Gordon
equation.

c) Consider the ansatz for plane-wave solutions,

ψ(x) = u (~p) e−ip·x

where p2 = m2 . Show that this ansatz solves the Dirac equation when

u (~p) =
(√

p · σ ξ√
p · σ̄ ξ

)
for any 2-component spinor ξ , with σµ = (12, σ

i) and σ̄µ = (12,−σi) . Write down the
ansatz for negative frequency solutions and solve it.

d) The action of a rotation ~ϕ on the Dirac spinor is given by the matrix

S [Λ] =
(
ei~ϕ·~σ/2 0

0 ei~ϕ·~σ/2

)
Write down the spinor u(~p) describing a stationary particle of mass m with

(i) Spin directed up along x3.

(ii) Spin directed up along x1.

For each of these cases, write down the spinor corresponding to a massless particle
travelling in the positive x3 direction.

Paper 50



3

2 a) A free real scalar field of mass µ in the Heisenberg picture may be expanded as

φ (x) =
∫

d3p

(2π)3
1√
2E~p

(
a~p e

−ip·x + a~p
† e+ip·x)

where E~p =
√
~p · ~p+ µ2 and a~p and a~pi

† satisfy the commutation relations

[ a~p, a~q ] = [ a~p
†, a~q

† ] = 0

and
[ a~p, a~q

† ] = (2π)3δ(3)(~p− ~q) .

Define the vacuum state | 0 〉 . Show that the propagator 〈 0|φ(x)φ(y)|0 〉 is given by

〈 0 |φ(x)φ(y) | 0 〉 =
∫

d3p

(2π)3
1

2E~p
e−ip·(x−y) .

b) The Feynman propagator for a real scalar field is defined to be

∆F (x− y) = 〈 0 |Tφ(x)φ(y) | 0 〉

where T stands for time ordering. Show that the propagator may be written as

∆F (x− y) =
∫

d4p

(2π)4
i e−ip·(x−y)

p2 − µ2 + iε
.

c) The Lagrangian for a real scalar field φ interacting with a Dirac spinor ψ is given
by

L =
1
2
∂µφ ∂

µφ − 1
2
µ2φ2 + ψ̄ (i γµ∂µ −m)ψ − λφ ψ̄ ψ

Draw the lowest order Feynman diagrams for ψ ψ → ψψ scattering and ψ ψ̄ → ψψ̄
scattering. In both cases, label the incoming particles with 4-momenta p and q, and
label the outgoing particles with 4-momenta p′ and q′.

d) Write down the amplitude for ψψ → ψψ scattering at order λ2, quoting any
Feynman rules that you use.

[Useful Information: The Feynman rules state that to each incoming fermion with
momentum p and spin r, you should associate the spinor ur(~p). For outgoing fermions,
associate ūr(~p). To each incoming anti-fermion with momentum p and spin r, associate a
spinor v̄r(~p). For outgoing anti-fermions, associate vr(~p).]
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3 The Lagrangian for a scalar field ϕ of mass m and charge e, interacting with the
electromagnetic field is

L = − 1
4
FµνF

µν + Dµ ϕ
?Dµϕ − m2 |ϕ |2

where Fµν = ∂µAν − ∂νAµ and Dµϕ = ∂µϕ+ i eAµϕ .

a Show that this Lagrangian has a gauge symmetry.

b What is the physical difference between gauge symmetries and global symmetries?
Justify your answer.

c The theory contains two interaction vertices with Feynman rules given by

p
q

and
−i e (p+ q)µ +2i e2 ηµ ν

where ηµν is the Minkowski metric. Identify the interaction terms in the Lagrangian
corresponding to these two vertices.

d) When quantizing the theory in Coulomb gauge ∇ · ~A = 0 , the naive photon
propagator is

Dµν(p) =



i

p2 + i ε

(
δij −

pipj

| ~p |2

)
µ = i 6= 0 , ν = j 6= 0

i

| ~p |2
µ, ν = 0

0 otherwise

Draw the leading order diagrams for ϕϕ̄ → ϕϕ̄ scattering and show that, when the
external momenta are on-shell, the naive photon propagator may be replaced by the
Lorentz invariant propagator

Dµν(p) = −i ηµν

p2
.
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4 Write an essay on the role of anti-particles in quantum field theory. To obtain
full credit the essay should include a discussion on the following topics: the difference
between a real and a complex scalar field; the difference between a relativistic and non-
relativistic field theory; a comparison of Dirac’s hole interpretation of anti-particles and
the appearance of anti-particles in quantum field theory.

END OF PAPER
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