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1 (a) The integral I()\) is defined by

I\ = /100 % exp (—Aexp(—z)) dz.

Find the asymptotic expansion for I(A) as A — oo correct to, and including, terms

that are O( (In\)~2).
(b) The integral Z(o) is defined by

27
I(o)= / exp (—ox(1 —cosz)) dzx.
0
Find the the first two terms of the asymptotic expansion for Z(o) as o — 0.
It may help to recall that

I'(z) = /000 t* L exp(—t)dt,

and that -
/ In(t) exp(—t)dt = —,
0

where v is Fuler’s constant.
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2 The function ¢(s;t,a, o) is defined by

o sto—1.—t
‘ _ 1 (s psto—le wd

g(s;t,a,0) =——e —duz,
a 0 ia+Inx

where s > 0,¢t>0,a>0and o > 0. Let

F(t, a,0) = Im(g(0;,0,0)) .
(a) Show that
1 e e] st+o—1_,—tx
Ig(s;t,a,a)ls/ (x °  _da.
0

a a? +1n’z)2

Also, by considering gs(s;t,a, o) or otherwise, show that

1 /5. T
9(0;t,a,0) = - / s L7 4y +g(s;t,a,0).
a Jo tIJ'_U

(b) Using the above two results deduce that as ¢t — oo
F(t,a,0) ~t77 > Bu(lnt)™""",
n=0

where the 3, (a,0) for n =0,1,... are defined through the generating function

sin ax

o0 l’n
IMNo+z) = Zﬁ”ﬁ
n=0
(c) State the asymptotic behaviour as ¢ — oo of Ramanujan’s function

e} —tx
N(t) = / 6—2 dz.
o xz(m?+1In"x)

After noting the range of parameter values for which ¢(s;t,a, o) is defined, briefly
justify your answer.
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3 For 1<z < oo, the function y(z) satisfies the ordinary differential equation
2y —(L—e(l+y))zy —2ey =0,

where € < 1 is a small positive constant.

(a) If
y=1, J1)=1,

find the leading-order solution for y(z) for 1<z <oc.
(b) Suppose that instead

Again find the leading-order solution for y(z) for 1<z <oo.

Hint. x might not always be the ideal variable.

4 For ¢ > 0, the function u(t) satisfies the ordinary differential equation
i 4 e 2ty = 8e 2,

where ¢ < 1 is a small positive constant. At ¢ = 0, u satisfies the initial conditions

Find the WKB solution correct to O(e) that is valid for times such that et = O(1).

Is the WKB solution found above valid if e = O(1)? If not propose a rescaling
about such times and derive, but do not solve, the governing equation for the leading-order
solution, and give matching conditions.
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