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1

(a) By assuming the validity of the Fourier transform, prove the validity of the following
transform pair:

q̂(k) =
∫ ∞

0

e−ikxq(x)dx,

q(x) = 1
2π

∫ ∞

−∞
eikxq̂(k)dk + c

2π

∫
L

eikxq̂(−k + iα)dk,

where α is a positive constant, c is a constant and the contour L is defined by

k2
R − k2

I + αkI = 0, kI > 0,

with the orientation shown in Figure 1.1.
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Figure 1.1

(b) Let q(x, t) solve any of the following two initial-boundary value problems:

qt = qxx + αqx, 0 < x < ∞, 0 < t < T,

q(x, 0) = q0(x), 0 < x < ∞,

q(0, t) = g0(t), or qx(0, t) = g1(t), 0 < t < T,

where T is a positive constant, {gj(t)}10 and q0(x) are smooth functions, q0(x) has
sufficient decay as x → ∞, and q0(0) = g0(0), or q̇0 = g1(0). For each of these
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problems use the transform pair defined in (a) to express q(x, t) as an integral in
the complex k-plane.

(c) In the case of the Dirichlet boundary value problem, prove that q(x, t) solves the
PDE, and that it also satisfies

q(x, 0) = q0(x), 0 < x < ∞,

q(0, t) = g0(t), 0 < t < T.

2

(a) Let W (z, z̄, k) be defined by

W = e−ikz− λ
ik z̄

[
(qz + ikq)dz − (qz̄ + λ

ik q)dz̄
]
, k ∈ C\{0}, (1)

where λ is a constant, z = x + iy and bar denotes complex conjugation.

Show that W is closed iff q satisfies the elliptic PDE

qzz̄ − λq = 0, (2)

and derive the associated global relations.

(b) Assume that there exists a function q(z, z̄), z in the first quadrant of the complex
z-plane, with sufficient smoothness and decay, which satisfies (2) with λ > 0. By
letting W = d(µ(z, z̄, k) exp[−ikz−λz̄/ik]) and by performing the spectral analysis
of the differential form W , find an integral representation for q(z, z̄) in the complex
k-plane.

(c) Let the function q(x, y) solve equation (2) with λ > 0 in the first quadrant of the
complex z-plane, with Dirichlet boundary conditions,

q(0, y) = g1(y), 0 < y < ∞,

q(x, 0) = g2(x), 0 < x < ∞,

where the functions {gj}21 have sufficient smoothness and decay and satisfy g1(0) =
g2(0).

Use the integral representation derived in (b), as well as the associated global
relations to express q(x, y) as an integral in the complex k-plane.
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3 Let the scalar function µ(x1, x2, k) satisfy
1
2

(
k + 1

k

)
∂µ
∂x1

+ 1
2i

(
k − 1

k

)
∂µ
∂x2

+ f(x1, x2)µ = g(x1, x2), (1)

−∞ < x1, x2 < ∞, k ∈ C ,

where f and g have sufficient smoothness and also they decay as |x1|2 + |x2|2 →∞.

(a) Use an appropriate change of variables to reduce equation (1) to the equation

ν(|k|)∂µ
∂z̄ + f(x1, x2)µ = g(x1, x2), (2)

where ν(|k|) and z are to be determined.

(b) Assume that the solution M(x1, x2, k) of the equation

ν(|k|)∂M
∂z̄ = f(x1, x2),

M = 0
(

1
z

)
, z →∞,

satisfies

M(x1, x2, k
±) = ∓P∓f̂(ρ, θ)−

∫ ∞

τ

f(τ ′ cos θ − ρ sin θ, τ ′ sin θ + ρ cos θ)dτ ′,

where
k± = lim

ε→0
(1∓ ε)eiθ, 0 6 θ 6 2π, ε > 0,

P± denote the usual projectors in the variable ρ, f̂ denotes the Radon transform
of f , and the local coordinates (ρ, τ, θ) are indicated in Figure 3.1.

By employing equation (2), derive the Attenuated Radon transform pair, which
provides the mathematical basis of Single Photon Emission Computerized Tomography.

τ

ρ

θ

(x  , x  ) 1 2

Figure 3.1

END OF PAPER
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