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1 (i) What is the zeroth law of turbulence? Let ν be the kinematic viscosity and ε
the average dissipation of kinetic energy per unit mass. Estimate the magnitude of the
Kolmogorov microscales, v and η, in terms of the integral scales, u and `, and the Reynolds
number u`/ν. Find the equivalent expressions in terms of ν and ε.

(ii) Kolmogorov’s 1941 theory assumes local isotropy in the universal equilibrium
range. Explain what the terms ‘local isotropy’ and ‘universal equilibrium range’ mean in
this context.

State Kolmogorov’s first similarity hypothesis and show that it implies〈
(∆v)2

〉
= v2F (r/η) , r << `

for some universal function F , where ∆v is the velocity increment. State the second
similarity hypothesis and find the corresponding form of

〈
(∆v)2

〉
in the inertial subrange.

What, according to this theory, is the form of
〈
(∆v)P

〉
in the same range?

(iii) Explain what is meant by external intermittency, internal intermittency at the
equilibrium range, and internal intermittency at the integral scale. Why is integral-scale
internal intermittency non-universal? What aspect of the 1941 theory did Landau criticise
and why?

What is Kolmogorov’s refined similarity hypothesis of 1962? Show that it demands
that 〈

(∆v)P
〉

= βP

〈
ε
P/3
AV (r)

〉
rP/3,

where εAV (r) is the dissipation averaged over the scale r.

(iv) Discuss how the 1941 theory can be adapted to describe the mixing of a passive
scalar and deduce the passive-scalar analogue of the 2/3rds law.
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2 (i) The third invariant of the velocity gradient tensor, Aij = ∂ui/∂xj , can be
expressed in terms of the strain-rate tensor, Sij , and vorticity ω according to

R = AijAjkAki = SijSjkSki +
3
4
ωiωjSij .

Confirm that R can be written as the divergence of

∂ui

∂xj

∂uj

∂xk
uk −

1
2
ui

∂uk

∂xj

∂uj

∂xk

and hence show that, in homogeneous turbulence,

〈SijSjkSki〉 = −3
4
〈ωiωjSij〉 .

(ii) Let a, b and c be the principal rates of strain at any location within the
turbulence. Confirm that a3 + b3 + c3 = 3(abc) and hence show that

〈abc〉 = −1
4
〈ωiωjSij〉

(iii) Explain why the result above suggests that bi-axial strain is more common
than axial strain in turbulence and discuss the significance of this for the morphology of
the vorticity field.

(iv) Burgers’ vortex consists of a vortex tube ωz = (Γ/πδ2) exp[−r2/δ2] sitting
in the irrotational straining flow ur = − 1

2αr, uz = αz in cylindrical polar coordinates
(r, θ, z). The tube radius is δ = (4ν/α)1/2. Show that, in the limit of Γ/ν → ∞, the
viscous dissipation per unit length of the tube is independent of viscosity ν. Explain why
this makes Burgers’ vortex a good candidate for the centres of dissipation in a turbulent
flow.
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3 (i) Starting with the Karman-Howarth equation,

∂

∂t

[
u2f

]
=

1
r4

∂

∂r
r4

[
u3K + 2ν

∂

∂r

(
u2f

)]
,

show that the second and third-order structure functions are related by Kolmogorov’s
equation in the universal equilibrium range:〈

(∆v)3
〉
− 6ν

∂

∂r

〈
(∆v)2

〉
= −4

5
εr , r << `.

What is the 4/5th law and why is it of particular importance for Kolmogorov’s 1941 theory
of the small scales?

(ii) Using the expansions

u2f = u2 −
〈
ω2

〉
r2

30 +
〈
(∇× ω)2

〉
r4

840 + · · ·〈
(∆v)3

〉
=

〈
(∂ux/∂x)3

〉
r3 + · · ·

in conjunction with the Karman-Howarth equation, show that

∂

∂t

[
1
2

〈
ω2

〉]
= −35

2

〈
(∂ux/∂x)3

〉
− ν

〈
(∇× ω)2

〉
.

Hence confirm that the average rate of vortex stretching, 〈ωiωjSij〉, is related to the
skewness of ∂ux/∂x, S0, by

〈ωiωjSij〉 = − 7
6
√

15
S0

〈
ω2

〉3/2
.

Why does this tell us that turbulence is intrinsically non-Gaussian? Sketch the probability
density function for ∂ux/∂x.

(iii) Show that Kolmogorov’s 2/3rd law demands that the skewness, S(r), of the
velocity increment, ∆v(r), is constant across the inertial subrange and equal to

S(r) = − 4/5
β3/2

,

where β is Kolmogorov’s constant. Consider the constant skewness closure model, in
which S is taken as constant across the entire universal equilibrium range. Deduce the
corresponding governing equation for normalised structure function

h =

〈
(∆v)2

〉
β (15β)1/2 v2

in terms of the normalised separation

x =
r

(15β)3/4
η
.

Discuss the relative merits of this closure model and the more common EDQNM closure
scheme.
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