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1 The observed phase space density of binary stars depends on orbital eccentricity
as F(e) o e2. Jeans considered the Boltzmann distribution dN « exp(—E /o), N particle
number, E energy, to show this predicts Fi(e) o €2, and concluded binary stars are a
relaxed system, with age ~ 10'3 years, which he deduced to be the age of the Universe.

(i) Show the relaxation time for a stellar system like the solar neighbourhood is

- 3 o3
© 16mv2  NG2m2inA '

Tr

where o is a representative 1-D velocity, m a star mass, N the number of stars, and A is
to be explained. Estimate its value for the solar neighbourhood.

(ii) Now consider a phase space distribution of binaries
dN = F(E)dx dy dz dp, dp, dp. ,

where x, y, z are spatial coordinates, and p; the momenta.

Perform a canonical transformation to Delaunay elements, L, G, H, and corre-
sponding angular variables [, g, h where

L? = yma
G? = yma(l — €?)
H? = yma(1 — e*)(cos® i)
where a and e are the semi-major axis of and eccentricity of the orbit, 7 its inclination and

m the system total mass, v is the Newtonian gravitational constant. Deduce the ranges
of the independent orthogonal variables L, G, H, I, g, h.

Show in this case the number of stars with eccentricity less than some value e
is N o< €2, for any finite F(E). Conclude that one cannot deduce equilibrium from an
observed F(e) oc €.
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2 Show that the first velocity moment of the collisionless Boltzmann equation, for a
static spherical system, can be written

d oy 268, 5 AL(r)
- 2PN = —
dT ()‘ar) + r 0-1” ’7 7"2 Y

where o, is the radial component of the velocity dispersion, 8 = 1 — (07 /02), with o, the
tangential component, A is the luminosity density, v = G times the mass to light ratio,
and L(r) is the enclosed luminosity.

The surface brightness p may be related to A by
1 [ dx ,
/\(T)__ﬂ_/r ($2—T2)1/2M<$) .

By considering the equivalent relation for the projected velocity dispersion, agu,
show that the observables can be related to a function of coordinates and Ao? by

> dz 72
2 —
O-plu - ’Y/T (x2 _ 7"2)1/2 ?’YL = p(r) .

From term by term inspection, show fooo 6mrp(r)dr = 0 is equivalent to the virial

theorem, so that
3 fooo rogudr
7= 2fooo rALdr
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3 Consider a triaxial galaxy whose density distribution is stationary in a coordinate
frame that rotates with angular frequency €2 about the z3 axis, which coincides with a
principal axis of the moment of inertia tensor I. Show that, at an instant when I15 = 0,

1 d?I

2 dt?
equals 2 times the diagonal tensor which has components (Is2 — I11), (I11 — I22), (0) on
the diagonal. From this show

02— _ (Wi — Wag) + 2(T11 — Toz) + (Tly; — aa)
2(I11 — Izo)
and, for T33 = O,
2
vy Wi+ Was
-2 o
o ( ) Wis

where W;;, T;;, and II;; have their normal tensor-virial defintions, the mass weighted
rotation velocity

2
Vi = — (T + T
0 M( 11+ T22)
the mass-weighted velocity dispersion

1

2
=—(II II
o) 2M( 11 + Is9)
and the velocity anisotropy parameter
211
S I—
II; + 11z

For the case of an axi-symmetric oblate spheroidal galaxy, with true axis ratio
(1 — €) observed at inclination i, show that the observed rotation velocity V., velocity
dispersion o2, and apparent axial ratio (1 — ¢,) are related to the true values by

V., =Vysini
0? = 03(1 —dcos?i) and

€a(2 — €q) = (2 — €) sin?i
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4 (a) Consider an axisymmetric disk galaxy, described in an (R, ¢,z) cylindrical
coordinate system, with density profile v(R) and gravitational potential ®. Show the
radial velocity moment (Jeans’ equation) of the collisionless Boltzmann equation at z = 0
is
R 0 (
v OR

where vg, vy, and v, are velocities.

—- o®
—i—v%—vi—i—R— 0,

0(VRrvy) B
OR

V) + R

Discuss the application of this equation to the Milky Way Galaxy, in particular to
explain the asymmetric drift of stellar motions.

(b) Explain how one may use Jeans’ theorem to go from the density of a 1-D system

vz = [ O; £z v2)dvs

to the distribution function
1 [ —dv/dy

:; E. \/Q(w_Ez)

where 1) is the potential. Identify all assumptions and requirements, including those which
allow application of a 1-D analysis to a 3-D galaxy. Discuss the application of this equation
to determination of the local disk mass density, and discuss its implications.

F.(E) i,
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