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1 (a) By assuming the validity of the Fourier transform, prove the validity of the
following transform pair:

q̂(k) =
∫ ∞

0

e−ikxq(x)dx,

q(x) = 1
2π

∫ ∞

−∞
eikxq̂(k)dk + c1

2π

∫
∂E

eikxq̂(α2k)dk + c2
2π

∫
∂D

eikxq̂(αk)dk,

where α = exp[2iπ/3], c1, c2 are constants and the contours ∂D and ∂E are the boundaries
of the domains D and E with the orientation shown below, D : k ∈ C, argk ∈ [ 2π

3 , π],
E : k ∈ C, argk ∈ [0, π

3 ].

D

π/3 π/3

E

The domains D and E.

(b) Let q(x, t) solve any of the following three initial-boundary value problems:

qt − qxxx = 0, 0 < x < ∞, t > 0,

q(x, 0) = q0(x), 0 < x < ∞,

q(0, t) = f0(t) and qx(0, t) = f1(t), or q(0, t) = f0(t) and qxx(0, t) = f2(t),

or qx(0, t) = f1(t) and qxx(0, t) = f2(t), t > 0,

where {fj(t)}20 and q0(x) are smooth functions, q0(x) has sufficient decay as x →∞, and
the given functions are compatible at x = t = 0.

For each of these problems use the transform pair defined in (a) to express q(x, t)
as an integral in the complex k-plane, uniquely defined in terms of appropriate transforms
of the given initial and boundary conditions.
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2 Assume that there exists a real-valued function q(x, y) which satisfies the Laplace
equation in the semi-strip 0 < x < ∞, 0 < y < l, l > 0, which decays as x → ∞ for all
0 < y < l, and which has sufficient smoothness all the way to the boundary.

(a) By performing the spectral analysis of the differential form

d[µ(z, k)e−ikz] = e−ikzqz, z = x + iy, 0 < x < ∞, 0 < y < l,

where k ∈ C, find an integral representation for qz in terms of appropriate transforms of
the Dirichlet and of the Neumann boundary values.

(b) By analysing the associated global relation, compute the sine transforms of the
Neumann boundary values qy(x, 0) and qy(x, l), in terms of the Dirichlet boundary values
q(x, 0), q(x, l), q(0, y).
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3 Assume that there exists a real-valued function q(x, y) which satisfies the Laplace
equation in the quarter plane 0 < x < ∞, 0 < y < ∞, which decays for large x and large
y, and which has sufficient smoothness all the way to the boundary. Suppose that the
derivative of the function q is prescribed along the direction making an angle β1 with the
y-axis as well as along the direction making an angle β2 with the x-axis, see below,

β2

β1

i.e,
−qx(0, y) sinβ1 + qy(0, y) cos β1 = h1(y), 0 < y < ∞,

−qy(x, 0) sinβ2 + qx(x, 0) cos β2 = h2(x), 0 < x < ∞,

where h1 and h2 are given functions with appropriate smoothness and decay, h1(0) = h2(0),
and β1 + β2 takes the values 0 or π/2, or π.

(a) Let j1(y) and j2(x) denote the unknown derivatives in directions normal to the
directions of the given derivatives, i.e,

−qy(0, y) sinβ1 − qx(0, y) cos β1 = j1(y), 0 < y < ∞,

qx(x, 0) sinβ2 + qy(x, 0) cos β2 = j2(x), 0 < x < ∞.

By expressing the unknown boundary values qy(0, y), qx(0, y), qy(x, 0) and qx(x, 0) in terms
of the functions h1(y), h2(x), j1(y), j2(x), compute the spectral functions

q̂1(k) =
∫ i∞

0

e−ikzqzdz, q̂2(k) = −
∫ ∞

0

e−ikzqzdz.

(b) Use the global relation and its consequences to express the spectral functions
in terms of known functions, as well as a single unknown function which is bounded and
analytic for Imk > 0.

(c) Use the integral representation

qz = 1
2π

∫ ∞

0

eikz q̂2(k)dk + 1
2π

∫ i∞

0

eikz q̂1(k)dk,

to express qz only in terms of h1(y) and h2(x).
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