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1 Let Q be a domain in R".

(a) State and prove the mean value properties for a C? harmonic function in Q.

(b) State and prove the strong maximum principle for a C? harmonic function in .

(c) Prove that u € C?(£2) is harmonic in € if and only if u is continuous in € and satisfies
the following two conditions: (i) if v € C?(Q2) and u — v has a local maximum at zg € €,
then Av(zg) > 0 and (ii) if v € C%(Q) and u — v has a local minimum at zo € Q, then
Av(zp) <0.

You may use without proof any standard existence theorem for harmonic functions provided
you clearly state it.

2 For 1 < 7,5 < n, let a;; be bounded, measurable functions on a bounded domain
Q C R™. Suppose that a;; = a;; and a;;(z)¢*¢? > A|¢|? for some constant A > 0 and all
r€Q, ¢ €R" and f € L?(Q). Consider the Dirichlet problem

D;(a;;Dju)=f in Q, u=0 on 0Q. (%)

(a) Define what it means for a function u € W, %(Q) to be a weak solution to (x).

(b) Set Q(u,v) = [, ay; DiuDjv for u,v € W, 2(€2). Show that (Q(u,u))"/? defines a norm
on I/VO1 2((2) equivalent to the usual norm, and use this fact to prove that the Dirichlet
problem (%) has a unique weak solution u € Wy*(2).

(c) Find an appropriate functional F : W[} 2(Q) — R such that any critical point of F is
a solution to the problem (x). Use F and the direct method of the calculus of variations
to give another proof of existence of a weak solution to ().

You may use without proof standard theorems in linear functional analysis and Sobolev
space theory provided you clearly state them.
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3 Let n > 3 and let Q be a bounded domain in R". Define a map T : L*(Q) —
Wy2(€) by setting Tv = u where u € W, ?(Q) solves Au = v weakly.

(a) Prove that the map T is well defined.
(b) Prove that T"is a bounded, linear map.

(c) Suppose w € LP(Q) for some p > n. Prove that the operator K : L?(Q) — L?(Q)
defined by Kv = wTv is compact.

(d) Deduce that if w € LP(2) for some p > n, then Au — wu = f is uniquely solvable in
Wy *(Q) for each f € L?(Q) if and only if Au — wu = 0 has no non-trivial solutions in
Wy ().

You may use without proof standard theorems in linear functional analysis and Sobolev
space theory provided you clearly state them.

4 Let Lu = a;;D;ju + bjDju be a uniformly elliptic operator in a bounded domain
2 C R", where the coefficients a;;,b; are bounded and measurable.

(a) State the weak maximum principle for C?(Q) N C°(Q) subsolutions of the equation
Lu=01in Q.

(b) Suppose that u,v € C2(Q)NC°(Q), f € C°(Q), u satisfies Lu = f in Q and v satisfies
Lv>1in Q and v <0 on 0. Prove that

for all z € Q. Here f*(z) = max{f(z),0}.

(c) Deduce that if 2 is a bounded domain in R" with 0 € €, then for any function
w e C%(Q),

w(z) > 5 (sup (Aw)+> (|z]? = d?) + inf w
Q o0

for all z € Q, where d = diam ().
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5 (a) Prove that a function w is weakly differentiable in an open subset 2 of R™ if
and only if it is weakly differentiable in a neighborhood of each point of €.

(b) Let » > 2 and let ©Q be an open subset of R", zp € Q and u a bounded function
on Q. If u e CY(Q\ {zo}) with Du € L] _(Q), prove that u is weakly differentiable in
with the weak partial derivatives equal to the classical partial derivatives in Q\ {z(}. Give
an example to show that in case n = 1, this conclusion cannot be made under the same

hypotheses on wu.

(c) Let 6 € (0,1]. Prove that there exists a constant C' depending only on n and 6 such

that
/ u? <CR2/ | Dul?
Br Br

for every function u € W12(Bg) with |[{x € Bg : u(x) = 0}| > 6w, R", where Bg denotes
an open ball in R™ with radius R. Here for a measurable subset A of R", |A| denotes

the n-dimensional Lebesgue measure of A and w,, = |By|. (Hint: consider the case R =1
first.)

6 (a) Let Q be a domain in R"™ and uw € W12(Q). For h # 0 and k € {1,2,...,n},
let AR u(z) = h=! (u(x + heg) — u(z)) where ey, is the kth standard basis vector in R™.
Prove that Al w € L*(€Y') and || A} ul|r2(0) < [[Dullr2(q) for each subdomain Q' CC Q
and 0 < |h| < dist (©,09Q).

(b) Suppose f € L?(Q) and u € W12(Q) is a weak solution of

Au=f in Q.

Prove that u € W>? () and that for each subdomain € CC €, there exists a constant

loc
C = C(n,dist (',0)) such that

ullw22@y < C ([ullwr2) + 1 fllz2@)) -

END OF PAPER
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